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A METHOD FOR  ANALYZING THE AEROELASTIC 
STABILITY OF A HELICOPTER ROTOR I N  
FORWARD  FLIGHT 
By Peter C r i m i  
ROCHESTER APPLIED SCIENCE ASSOCIATES, INC.  
SUMMARY 
A method has  been developed which provides  the exact  solut ion 
t o  t h e  p e r t u r b a t i o n  e q u a t i o n s  o f  m o t i o n  o f  a r o t o r  i n  forward 
f l i g h t .   E f f e c t s   o f   c o m p r e s s i b i l i t y ,   s t a l l  and  reversed  f low  are  
t aken  in to  accoun t ,  and  the re  i s  no r e s t r i c t i o n  on t h e  number of 
degrees of freedom which can be analyzed. 
The equations of motion of a r o t o r  b l a d e  i n  f o r w a r d  f l i g h t  
were der ived  i n  terms of  the normal  modes of f r e e  v i b r a t i o n  o f  t h e  
blade.  Aerodynamic forces were expressed  on the  bas i s .  o f  quas i -  
s t e a d y   f l o w ,   u s i n g   s t r i p   t h e o r y .   P e r t u r b a t i o n   e q u a t i o n s  were gen- 
e r a t e d  by expanding a l l  ae rodynamic  fo rces  in  the  pe r tu rba t ion  
v a r i a b l e s   a b o u t   t h e i r   s t e a d y - s t a t e   v a l u e s .  The equat ions  are of 
t h e  form  of a coupled set o f  l i n e a r ,  s e c o n d - o r d e r  d i f f e r e n t i a l  
equat ions  w i t h  p e r i o d i c a l l y  v a r y i n g  c o e f f i c i e n t s .  
A method was then  deve loped  fo r  ana lyz ing  the  s t ab i l i t y  o f  
l i n e a r  dynamic systems with per iodical ly  varying parameters .  
S t a b i l i t y  i s  determined by c a l c u l a t i o n  of a l l  t h e  c h a r a c t e r i s t i c  
values of  the  system.  Thus,  a s o l u t i o n  p r o v i d e s  r a t e s  of growth 
o r  decay of the motion following a d i s t u r b a n c e ,  i n  a d d i t i o n  t o  a 
de te rmina t ion  of  whether  or  no t  the  sys tem is s table .  
A d i g i t a l  computer program was prepared to  implement  the gen-  
eral  method f o r  t h e  c a s e  o f  a ro to r  b l ade  wi th  one ,  two or  t h r e e  
deg rees   o f   f r eedom.   S t ab i l i t y   ca l cu la t ions  were performed  for  
compar ison  wi th  resu l t s  ob ta ined  by direct  t i m e  i n t e g r a t i o n  o f  t h e  
non l inea r  equa t ions  of motion of a r ig id  b l ade  wi th  f l app ing  and  
lead-lag  hinges.  Limited c a l c u l a t i o n s  were a l s o  made of   the   aero-  
e las t ic  s t a b i l i t y  of a model r o t o r  b l a d e  f o r  which experimental  
f l u t t e r  d a t a  was ava i l ab le .   Compar i sons   o f   t he   r e su l t s   i nd ica t e  
q u a l i t a t i v e  a g r e e m e n t  i n  b o t h  cases. 
INTRODUCTION 
The a e r o e l a s t i c  s t a b i l i t y  o f  h e l i c o p t e r  r o t o r s  is of  concern 
f o r  two  reasons .   F i r s t ,  a t  t he   h igh   advance   r a t io s   a s soc ia t ed  
wi th  compound and  s towab le - ro to r  ope ra t ion ,  t he  hos t i l e  ae rodynamic  
envi ronment   could   l ead   to   dangerous   ins tab i l i t i es .   Secondly ,   in  
conven t iona l  ope ra t ion ,  i n s t ab i l i t i e s  can  occur  wh ich ,  wh i l e  gen -  
e r a l l y  n o t  of a c a t a s t r o p h i c  n a t u r e  b e c a u s e  o f  n o n l i n e a r  e f f e c t s ,  
are none the le s s  s e r ious  from a f a t i g u e  a n d  c o n t r o l  s t a n d p o i n t .  
The a n a l y s i s  o f  r o t o r  f l u t t e r  f o r  h o v e r i n g  f l i g h t  i s  a r e l a -  
t i v e l y  s t r a i g h t f o r w a r d  p r o b l e m ,  t h e  f o r m u l a t i o n s  b e i n g  e s s e n t i a l l y  
t h e  same a s  t h o s e  f o r  c l a s s i c a l  f l u t t e r  o f  c o n v e n t i o n a l  a i r c r a f t .  
Cons iderable  research ,  bo th  theore t ica l  and  exper imenta l ,  has  dea l t  
w i t h  t h e  f l u t t e r  o f  h o v e r i n g  r o t o r s  (see, for  example,   References 1 
through 4 ) .  Agreement  between  theory  and  experiment  has  generally 
been good. 
The problem f o r  a r o t o r  i n  f o r w a r d  f l i g h t  i s  fundamentally 
d i f f e r e n t  from t h a t  o f  t h e  h o v e r i n g  case, due t o  t h e  n a t u r e  o f  t h e  
equat ions   o f   mot ion .   Because   the   re la t ive   f low  imposed  on a g iven  
b l a d e  s e c t i o n  v a r i e s  p e r i o d i c a l l y  as t h e  b l a d e  r o t a t e s ,  t h e  e f f e c -  
t i v e  dynamic p r e s s u r e ,  a n d  h e n c e  t h e  c o n s t a n t  o f  p r o p o r t i o n a l i t y  o f  
t h e   a e r o d y n a m i c   f o r c e s ,   a l s o   v a r i e s   p e r i o d i c a l l y .  A s  a consequence, 
t h e  e q u a t i o n s  o f  m o t i o n  o f  t h e  r o t o r  h a v e  p e r i o d i c a l l y  v a r y i n g  co- 
e f f i c i e n t s .   S y s t e m s   d e s c r i b e d  by equat ionsof   th i s   type ,   even   though 
l i n e a r ,  d i s p l a y  many unusua l  p rope r t i e s  and i n  some r e s p e c t s  resem- 
b le  non l inea r  sys t ems  (see Reference 5 ) .  
L i n e a r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  p e r i o d i c a l l y  v a r y i n g  c o e f f i -  
c i en t s  have been the concern of  appl ied mathematicians for  over  a 
century.  The d i f f e r e n t i a l  e q u a t i o n  o f  s e c o n d  o r d e r  b e a r i n g  h i s  
name w a s  d i scussed  by Mathieu i n  1868 i n  r e f e r e n c e  t o  t h e  problem 
of a v i b r a t i n g  e l l i p t i c  membrane. The more general   second-order  
equa t ion  de r ived  by H i l l  f o r  de t e rmin ing  the  mot ion  o f  t he  luna r  
p e r i g e e  w a s  presented  by him i n  1877. In   1883,   Floquet   determined 
t h e  f o r m  o f  t h e  s o l u t i o n  f o r  any l i n e a r  d i f f e r e n t i a l  e q u a t i o n  w i t h  
p e r i o d i c   c o e f f i c i e n t s .  * 
More recent  ana lyses  re la ted  to  dynamic  sys tems wi th  per iodic  
parameters   a re   p resented   in   References  7 ,  8 and 9. In   Reference 
7 ,  t h e  g e n e r a l  N- order problem i s  t r ea t ed ,  wh i l e  Refe rence  8 i s  
conce rned  wi th  sp in - s t ab i l i zed  sa t e l l i t e s  and  Refe rence  9 d e a l s  
* A h e  e a r l y  h i s t o r y  o f  M a t h i e u  a n d  r e l a t e d  - 
func t ions  i s  g iven   in   Reference  5. Many p a p e r s  o f  h i s t o r i c a l  
i n t e r e s t  are a l so  no ted  in  Refe rence  6.  
t h  
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with  mechanical  instabil i t ies o f  h e l i c o p t e r  r o t o r s .  T h e s e  a n a l y s e s  
and similar o n e s  t r e a t i n g  r e l a t e d  p r o b l e m s  g e n e r a l l y  e i t h e r  r e l y  on 
expans ion  in  a s m a l l  p a r a m e t e r  t o  o b t a i n  a s o l u t i o n  o r  are re- 
s t r i c t e d  t o  s p e c i a l  f o r m s  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s .  
S ince  a g e n e r a l  method fo r  ana lyz ing  l i nea r  sys t ems  wi th  pe r i -  
od ic  pa rame te r s  has  no t  been  ava i l ab le ,  it has  been  necessary  in  the  
p a s t ,  i n  i n v e s t i g a t i n g  r o t o r  f l u t t e r ,  t o  r e l y  p r i m a r i l y  on d i r e c t  
i n t e g r a t i o n  o f  t h e  e q u a t i o n s  o f  m o t i o n  u s i n g  an a n a l o g  o r  d i g i t a l  
computer. The r e s u l t s  o f  a n a l o g  s t u d i e s  o f  r o t o r  s t a b i l i t y  are re- 
po r t ed  in  Refe rences  1 0  and 11. Digi ta l   computers  were u s e d  t o  
o b t a i n  r e s u l t s  d i s c u s s e d  i n  R e f e r e n c e s  1 2  and 13. Computer solu-  
t i o n s  are u s e f u l  p a r t i c u l a r l y  i n  t h a t  n o n l i n e a r  e f f e c t s  c a n  r e a d i l y  
b e  i n c o r p o r a t e d  t o  g i v e  an a c c u r a t e  i n d i c a t i o n  of system dynamics 
f o r  a s p e c i f i c  r o t o r  . a n d  f l i g h t  c o n d i t i o n s .  However, t h e  r e s u l t s  
are o f t e n  d i f f i c u l t  t o  i n t e r p r e t  a n d  e v a l u a t e  i n  terms of system 
s t a b i l i t y ,  a n d ,  e s p e c i a l l y  when a d ig i ta l  computer  is u s e d ,  t h e i r  
cos t  p rec ludes  conduct ing  a thorough parametr ic  s tudy.  
I t  h a s  b e e n  p o s s i b l e  t o  g a i n  some i n s i g h t  i n t o  r o t o r  a e r o -  
e l a s t i c  c h a r a c t e r i s t i c s  by t r e a t i n g  a s ingle  degree of  f reedom 
a n a l y t i c a l l y   ( R e f e r e n c e s  1 4  and 15). A s ing le   s econd-o rde r   d i f f e r -  
e n t i a l   e q u a t i o n   r e p r e s e n t s   t h e   s y s t e m .  T h i s  equat ion  can be reduced 
t o  t h e  form of H i l l ' s  equat ion (Reference 61, for which  there  a re  
t e c h n i q u e s   a v a i l a b l e   t o   o b t a i n   s o l u t i o n s .  The analyses  have  been 
conf ined  to  the  f lapping  degree  of  f reedom;  it was f o u n d  t h a t  t h i s  
simple system i s  q u i t e  s t a b l e ,  b u t  t h a t  f l u t t e r  c a n  o c c u r  a t  very 
h i g h  a d v a n c e  r a t i o s  ( o f  t h e  o r d e r  o f  u n i t y ) .  
The s tudy  r epor t ed  he re  was d i r e c t e d  t o  o b t a i n i n g  t h e  e x a c t  
a n a l y t i c a l  s o l u t i o n s  of t h e  p e r t u r b a t i o n  e q u a t i o n s  of motion of a 
r o t o r  i n  f o r w a r d  f l i g h t .  The va lues   o f   sys tem  parameters   o r   f l igh t  
cond i t ions  were n o t  r e s t r i c t e d ,  n o r  were l i m i t a t i o n s  p l a c e d  on t h e  
number o r  t y p e s  0.f degrees  of  freedom.  Because  the  general  problem 
was a t t a c k e d ,  t h e  s o l u t i o n  o b t a i n e d  h a s  a p p l i c a t i o n  in a r e a s  o t h e r  
t h a n  r o t o r  a e r o e l a s t i c  s t a b i l i t y .  The method  presented  can be used 
t o  d . e t e r m i n e  t h e  s t a b i l i t y  o f  any l i n e a r  dynamic system with peri- 
od ica l ly   va ry ing   pa rame te r s .  Also, the  computer  program  developed 
t o  implement t h e  method has been segmented i n  s u c h  a way t h a t  it 
can be a p p l i e d  t o  t h e  s t a b i l i t y  a n a l y s i s  of  any l i n e a r  dynamic 
sys tem wi th  three  degrees  of freedom. 
SYMBOLS 
amnf bmn 
cmnf 
d i m e n s i o n l e s s ,  p e r i o d i c  c o e f f i c i e n t s  i n  t h e  b a s i c  
set o f  d i f f e r e n t i a l  e q u a t i o n s  
d imens ionless ,  p e r i o d i c  c o e f f i c i e n t s  i n  t h e  
de r ived  set of d i f f e r e n t i a l  e q u a t i o n s  
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C b lade  chord ,  m 
‘d 
‘m 
d 
FV 
r j  
IO 
Mc/;L 
m 
N 
R 
V 
Vt 
b l a d e  s e c t i o n  l i f t  c o e f f i c i e n t  
b l ade  sec t ion  d rag  Coef f i c i en t  
b l a d e  s e c t i o n  moment c o e f f i c i e n t  f o r  moment about 
mid -chord ,  pos i t i ve  to  inc rease  inc idence  
d r a g  p e r  u n i t  s p a n  o f  b l a d e ,  N/m 
aerodynamic force component per unit  blade span 
i n  t h e  y - d i r e c t i o n ,  N/m 
aerodynamic force component per unit  blade span 
i n  t h e  z - d i r e c t i o n ,  N/m 
c o e f f i c i e n t s  i n  t h e  f i n i t e  sum of  t r i gonomet r i c  
f u n c t i o n s  r e l a t e d  t o  A 
l i f t  p e r  u n i t  s p a n  o f  b l a d e ,  N/m 
hor i zon ta l  d i s t ance  fo rward  o f  t he  Xoax i s  o f  t he  
e l a s t i c  a x i s  ( x - a x i s )  , m 
aerodynamic moment per  uni t  span about  mid-chord,  
p o s i t i v e  t o  increase inc idence ,  N 
aerodynamic moment p e r  u n i t  s p a n  a b o u t  t h e  e l a s t i c  
a x i s ,  p o s i t i v e  t o  i n c r e a s e  i n c i d e n c e ,  N 
b l ade  mass p e r  u n i t  s p a n ,  kg/m 
number of  degrees  of  f reedom of  the  e las to-  
mechanical system 
r o t o r  r a d i u s ,  m 
m a g n i t u d e  o f  r e s u l t a n t  f l u i d  v e l o c i t y  r e l a t i v e  
t o  a b l a d e  s e c t i o n ,  m / s  
component o f  f l u i d  v e l o c i t y ,  r e l a t i v e  t o  a b lade  
sec t ion ,  no rma l  to  the  XO-ZO p lane ,  m / s  
component  of f l u i d  v e l o c i t y ,  r e l a t i v e  t o  a b l ade  
s e c t i o n ,  t a n g e n t  t o  t h e  Xo-Zo p l a n e ,  m / s  
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vf 
V 
W 
'a 
u 
c1 
S 
A 
E 
'n 
9 
P 
magnitude of free-stream v e l o c i t y  (a i rc raf t  
forward  speed) ,  m / s  
d isplacement  of b l a d e  s e c t i o n  i n  t h e  y - d i r e c t i o n , m  
d i sp lacemen t  o f  b l ade  sec t ion  in  the  z -d i r ec t ion ,m 
wake-induced inflow, m / s  
c o o r d i n a t e s  r o t a t i n g  w i t h  t h e  b l a d e ,  t h e  Y O  a x i s  
c o i n c i d e n t  w i t h  t h e  s h a f t  
c o o r d i n a t e s  f i x e d  w i t h  r e s p e c t  t o  a l o c a l  b l a d e  
s e c t i o n ,  t h e  x - a x i s  c o i n c i d i n g  w i t h  t h e  e l a s t i c  
a x i s  and t h e  z - a x i s  p a r a l l e l  t o  t h e  c h o r d  
d i s t a n c e  o f  t h e  e l a s t i c  axis ahead of mid-chord,m 
b l a d e  s e c t i o n  a n g l e  o f  a t t a c k ,  rad 
s h a f t  tilt w i t h  r e s p e c t  t o  n o r m a l  t o  f r e e  stream, 
p o s i t i v e  f o r  a f t  tilt of  the negat ive Yo-axis ,  rad 
i n f i n i t e   d e   t e r m i n a n t  
d i s tance  forward  of  the  e l a s t i c  ax i s  o f  b l ade  
s e c t i o n  mass center,  m 
d i sp lacement  of  the  n- coupled mode o f  f r e e  t h  
v ibra t ion  of  the  e las to-mechanica l  sys tem 
f lapwise  bending  s lope  
r e a l  p a r t  o f  s y s t e m  c h a r a c t e r i s t i c  v a l u e  i w  
imag ina ry  pa r t  o f  sys t em cha rac t e r i s t i c  va lue  i w  
r oo t s  de f in ing  po in t s  a t  wh ich  A is  s i n g u l a r  
mass d e n s i t y  o f  f r e e  stream, kg/m3 
angle  between local  blade chord and the Xo-Yo 
p lane ,   r ad  
t o r s i o n a l  d e f l e c t i o n  a b o u t  t h e  e l a s t i c  a x i s ,  p o s i -  
t i v e  t o  i n c r e a s e  i n c i d e n c e ,  r a d  
chordwise bending slope 
r o t o r  r o t a t i o n a l  s p e e d ,  rad/s 
i w c h a r a c t e r i s t i c  v a l u e  of t h e  b a s i c  o r  d e r i v e d  
systems,  i w  = X + i X ,  
n a t u r a l  f r e q u e n c y  o f  t h e  k- coupled mode of  
f r e e  v i b r a t i o n  o f  t h e  r o t a t i n g  s y s t e m ,  r a d / s  
R 
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DEVELOPMENT O F  THE EQUATIONS OF MOTION 
O F  A ROTOR I N  FORWARD FLIGHT 
The p e r t u r b a t i o n  e q u a t i o n s  o f  m o t i o n  f o r  a r o t o r  b l a d e  i n  
f o r w a r d  f l i g h t  are d e r i v e d  i n  t h i s  s e c t i o n .  The se t  of  coupled, 
l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  p e r i o d i c  c o e f f i c i e n t s  w h i c h  a r e  
ob ta ined  form t h e  s u b j e c t  f o r  a n a l y s i s  i n  t h e  n e x t  s e c t i o n .  
The e las to-mechanica l  segment  of  the  aeroe las t ic  sys tem,  
assumed t o  have N degrees of freedom, i s  convenient ly  represented  
i n  terms of t h e  N normal modes o f  f r e e  v i b r a t i o n .  Normal modes 
and  f r equenc ie s  fo r  a r o t a t i n g  beam can  be  ob ta ined  e i the r  from a 
cont inuous   representa t ion   (Reference  1 6 )  o r  from a lumped-mass 
model  (Reference 1 7 ) .  
Aerodynamic f o r c e s  are de r ived  he re  in  acco rdance  wi th  the  
usual   s t r ip- theory  assumptions.   Quasi-s teady  f low is  assumed as 
w e l l .  A p e r t u r b a t i o n   a n a l y s i s  is then  performed,   with  expansion 
of  exper imenta l ly  or  o therwise  de te rmined  aerodynamic  coef f ic ien ts  
i n  a Taylor  se r ies ,about  the  nominal  f low condi t ions , in  the  quan-  
t i t ies  d e f i n i n g  t h e  p e r t u r b a t i o n s  i n  t he  b l ade  mot ions .  
Consider a r o t o r  b l a d e ,  t h e n ,  w i t h  a n g u l a r  s p e e d  R s u b j e c t e d  
t o  a un i for ln  f ree  stream of magnitude Vf and dens i typ ,  a s  shown i n  
Figure 1. The Xo-axis i s  t aken   co inc iden t  w i t h  t h e  p i t c h ,  o r  
f e a t h e r i n g ,  a x i s ,  when t h e  b l a d e  i s  i n  i t s  undeformed p o s i t i o n ,  a s  
shown i n  th .e  f i g u r e .  The c o o r d i n a t e s   ( x , y , z )   a l s o   r o t a t e   w i t h   t h e  
b l a d e  a n d  a r e  f i x e d  w i t h  r e s p e c t  t o  a l o c a l  b l a d e  s e c t i o n  o f  t h e  
undeformed blade, w i t h  o r i g i n  a t  t h e  e l a s t i c  a x i s  and with the 
z - a x i s  p a r a l l e l  t o  t h e  c h o r d l i n e .  The h o r i z o n t a l  o f f s e t  o f  t h e  
e l a s t i c  ax i s  w i th  r e spec t  t o  the  Xo-ax i s  i s  denoted Cz.  The angle  
which a s e c t i o n  of t h e  undeformed blade makes with the Xo-Zoplane, 
combining bui l t - in  t w i s t  a n d  p i t c h  c o n t r o l  s e t t i n g s ,  i s  denoted @. 
Blac?e motions are de f ined  by t h e  f i v e  v a r i a b l e s  v ,  w ,  (9, e and 
I#, The d e f l e c t i o n s  of t h e  e l a s t i c  axis i n  t h e  y and z d i r e c t i o n s  
are v and w ,  r e s p e c t i v e l y ,  t h e  t o r s i o n a l  d e f l e c t i o n  i s  (9, whi le  e 
and $ a re  bend ing  s lopes :  
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A -  A 
Figure 1. Coordinate systems f o r  a r o t o r  i n  forward flight. 
These f ive  v a r i a b l e s  are e x p r e s s e d  i n  terms o f  t h e  N coupled modes 
of f ree  v i b r a t i o n  s e l e c t e d  t o  r e p r e s e n t  t h e  r o t a t i n g  m e c h a n i c a l  
s y s t e m .   S p e c i f i c a l l y ,   t h e s e   v a r i a b l e s  are e x p r e s s i b l e  i n  t h e  form: 
where 
AV ( n )  (x)  , Aw ( n )  (x), e tc . ,  deno te  the  va lues  of v ,  w, t h  o b t a i n e d  o n  e x c i t a t i o n  o f  t h e  n- coupled mode. 
’ (1) 
e tc . ,  
I f  Lagrange ’ s  equa t ions  a re  app l i ed  to  the  Sys t em,  wi th  the  
func t ions  5 1 ,  5 2 ,  . . . , cN a s  gene ra l i zed  coord ina te s ,  t he  sys t em 
equat ions  of motion are given by 
where w’ i s  the  na tu ra l  f r equency  o f  t h e  k- mode and Fk i s  t h e  t h  k 
g e n e r a l i z e d  f o r c e  a p p l i e d  t o  t h a t  mode. I t  i s  assumed t h a t  t h e  
mode shapes have been normalized so  as t o  y i e l d  a g e n e r a l i z e d  
mass o f  un i ty .  
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The g e n e r a l i z e d  f o r c e s  are expressed  by 
0 
where R i s  r o t o r  r a d i u s .  Omi t t ing   t he   s t eady- s t a t e   fo rc ing  terms, 
which are not  of  concern  t o  a s t a b i l i t y  a n a l y s i s ,  t h e  f o r c e  and 
moment d i s t r i b u t i o n s  Q,, Q w r  etc.  a r e  g i v e n  by 
~ , ( x , t )  = - 2 m ~ E  s i n  cp$ + ~ ~ ( x , t )  
Q $ ( x , ~ )  = - 21,n; + 2 m n s  
where Fv and Fw are aerodynam i c  f o r c e s  i n  t h e  y and z d i r e c t i o n s ,  
r e s p e c t i v e l y ,  M i s  the  aerodynamic moment about t h e  e l a s t i c  a x i s ,  
E i s  t h e  d i s t a n c e  o f  t h e  s e c t i o n  mass c e n t e r  f o r w a r d  o f  t h e  e l a s t i c  
a x i s ,  m i s  b l ade  mass per  un i t  span  and  Io  i s  mass moment o f - i n e r t j a  
abou t  t he  e l a s t i c  a x i s  p e r  u n i t  s p a n .  The terms con ta in ing  Q and + 
represent  gyroscopic  coupl ing  terms. They are p laced  on t h e  r i g h t -  
hand s i d e  b e c a u s e  t h e i r  i n c l u s i o n  i n  t h e  v i b r a t i o n  a n a l y s i s  t o  
o b t a i n  mode shapes and frequencies  would d i s r u p t  t h e  o r t h o g o n a l i t y  
o f   t he  modes. N o  q u a n t i t y  Q similar t o   t h e   q u a n t i t y  Q appears  
i n  E q s .  ( 3 )  o r  ( 4 )  because  the  mass moment o f  i n e r t i a  o f  a b l ade  
sec t ion  abou t  i t s  chord l ine  has  been  assumed to  be  negl ig ib le .  
+ 
e ’  Q r  
The n e x t  s t e p  i s  t o  o b t a i n  e x p r e s s i o n s  f o r  t he  aerodynamic 
forces  and  t o  perform the a p p r o p r i a t e   l i n e a r i z a t i o n s .  To accom- 
p l i s h   t h i s  d e f i n e ,   f i r s t ,  an e f f e c t i v e  s e c t i o n  i n c i d e n c e  a, 
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where Vn and Vt are c o m p o n e n t s  o f  f l u i d  v e l o c i t y  r e l a t i v e  t o  t h e  
b lade ,  a t  midchord ,  no rma l  and  t angen t i a l  t o  t he  ro to r .p l ane ,  
r e s p e c t i v e l y .  I f  as d e n o t e s   s h a f t   a n g l e   ( p o s i t i v e   f o r  a f t  tilt of 
t h e  Q - v e c t o r ) ,  Z a  i s  d i s t a n c e  o f  t h e  e l a s t i c  ax i s  forward of mid- 
chord and Qt i s  the  b l ade  az imuth  r e l a t ive  to  the  downs t r eam d i r ec -  
e 
t i on ,  t hen  these  ve loc i ty  componen t s  are g iven  by 
vn = [; + z a i  - n ( z a  - L ~ )  ( 8  cos cp + Q s i n  0 )  I cos  cp 
- w s i n  cp + Vf cos  c1 cos n t ( e  cos @ + I) s i n  cp) 
S 
+ Vf s i n  0: - w 
S i 
Vt = Ox + Vf cos c1 s i n  a t  + w cos cp S 
+ 1; + z a i  - R ( Z ,  - L,) ( e  cos cp + Q s i n  @ ) I  s i n  cp 
where w i s  t h e  wake-induced  inflow,  assumed  constant  over i 
1 
’ ( 5 )  
i 
t he  
r o t o r   p l a n e .  The f a c t o r  Q ( 8  cos cp + Q s i n  0 )  a p p e a r s   i n  E q s .  ( 5 )  
b e c a u s e  t h e  a n g u l a r  v e l o c i t y  d i r e c t e d  a l o n g  t h e  Yo ( s h a f t )  a x i s ,  
of magnitude R ,  has  a component  which i s  t a n g e n t  t o  t h e  b l a d e  
when t h e  b l a d e  i s  i n c l i n e d  t o  t h e  X 0  - Z O  p lane ,  due  to  bend ing ,  
t h e  a n g l e  of i n c l i n a t i o n  b e i n g  8 cos  @ + $ s i n  0. 
The aerodynamic l i f t  1, a c t i n g  n o r m a l  t o  t h e  r e l a t i v e  f l u i d  
ve loc i ty ,  and  conta in ing  a term t o  a c c o u n t  f o r  t h e  a p p a r e n t  camber 
due t o  r o t a t i o n  o f  t h e  s e c t i o n  a b o u t  t h e  x - a x i s ,  t h e  d r a g  d a c t i n g  
P a r a l l e l  t o  t h e  r e l a t i v e  v e l o c i t y ,  and t h e  moment M~,? a c t i n g  
mid-chord,  are  given by 
- I  - 
where 
about 
( 6 )  
v2 = v i  + v: . 
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The b lade  chord  i s  C and CL, Cd and Cm are exper imenta l ly  deter- 
mined  two-dimensional   force  coeff ic ients .  The apparent-camber 
term arises due t o  t h e  l i n e a r  v a r i a t i o n  o f  q u a s i - s t e a d y  downwash 
a long  the  b lade  chord  when t h e  b l a d e  s e c t i o n  i s  ro t a t ed  abou t  mid- 
chord. The aerodynamic  forces   appearing  in   Eqs.  ( 4 )  are related 
t o   t h o s e   i n  Eqs. ( 6 )  by the   fo l lowing   expres s ions :  
FV 
= - L cos a - d s i n  a 
Fw = 1 s i n  a - d cos  a 
The n e x t  s t e p  i s  to  pe r fo rm a c o n s i s t e n t  l i n e a r i z a t i o n  o f  
Eqs. ( 7 )  by expanding  the  var ious  Zunct ions  appearing i n  t hose  
equat ions  in  Taylor  series and  d iscard ing  second-order  quant i t ies  
i n  v ,  w ,  4 ,  e o r  I). The expansion i s  made about the nominal inc i -  
dence c10 and nominal  re la t ive speed V o ,  where 
I" 1 
5 = t a n  S i 
R X  + vf cos c1 s i n  R - t  
S 
I 
as ob ta ined  when a l l  dependent  var iab les  vanish  i n  t h e  e x p r e s s i o n s  
f o r  V and a. S p e c i f i c a l l y ,   t h e   e x p a n s i o n s  of a and v y i e l d  
a = a0 + Aa + ... 
= a0 
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I 
V = Vo + AV + ... 
= V O  + - [vf s i n  a - wi] { [G + z a i  1 VO S 
- R ( Z a  - L z )  ( e  cos  @ + $ s i n  @ ) ] c o s  @ 
- G s i n  @ + vf cos  as cos  n t ( e  cos  @ + 9 s i n  I 
- R ( Z ,  - lZ) ( e  cos @ + $ s i n  a )  I s i n  @ }  + . . . 
Each t e r m  i n  Eqs. ( 7 )  i s  then  expanded,   using  these  expressions 
f o r  c1 and V. For  example,   the f i r s t  t e r m  i n  FV is  expanded  by 
w r i t i n g  L cos a as fo l lows:  
- s i n  a0Aa + ... I 
Thus, on d iscard ing  h igher -order  terms and t h e  s t e a d y  s ta te  term 
1 ~pV~CCe(ao)cosao ,  wh ich  i s  no t  o f  conce rn  in  a s t a b i l i t y  a n a l y s i s ,  
L cos  a i s  g iven  by 
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+ I) s i n  @ ) ] c o s  @ 
- G s i n  + vf cos  a s  cos  a t ( e  cos CP + I) s i n  01  
+ $ s i n  Q ) l c o s  @ 
- G s i n  + vf cos  as cos  n t ( e  cos  o + q, s i n  @ ) I  
+ q, s i n  @ ) ] s i n  @ I  I 
I t  can be seen a t  t h i s  p o i n t  t h a t ,  by s y s t e m a t i c a l l y  and  con- 
s i s t e n t l y  e x p a n d i n g  a l l  terms i n  t h e  manner out l ined  above ,  the  
effects  o f  compress ib i l i t y ,  s t a l l  and reversed f low have been 
r e t a i n e d  i n  t h e  f o r m u l a t i o n .  The c o e f f i c i e n t s  CL, Cd and Cm and 
t h e i r  d e r i v a t i v e s  w i t h  r e s p e c t  t o  i n c i d e n c e ,  a l l  e v a l u a t e d  a t  t h e  
n o m i n a l  i n c i d e n c d  c c ~ ( x , t ) ,  a p p e a r  i n  t h e  f o r m u l a t i o n s  as p e r i -  
o d i c a l l y  v a r y i n g  f a c t o r s  i n  t h e  e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  
i n   t he   equa t ions   o f   mo t ion .   Thus ,   p rov ided   t he   co r rec t   and  
comple t e  va r i a t ions  of those  coef f ic ien ts  wi th  nominal  inc idence  
and nominal Mach number a r e  r e t a i n e d ,  t h e  e f f e c t s  o f  c o m p r e s s i -  
b i l i t y ,  s t a l l  and reversed f low on t h e  l i n e a r  s t a b i l i t y  o f  t h e  
system are p rope r ly  t aken  in to  accoun t .  
Once E q s .  (7) have  been  expanded as out l ined   above ,   those  re- 
l a t i o n s  are s u b s t i t u t e d  i n  Eqs. (4), which are i n  t u r n  s u b s t i t u t e d  
i n  Eqs. (2). With the   b l ade   mo t ions   expres sed   i n  terms o f   t h e  
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genera l ized  coord ina tes ,  th rough E q s .  (11, t h e  p e r t u r b a t i o n  equa- 
t i o n s  of motion are   ob ta ined .  Specifically,  t hose   equa t ions  are: 
k = 1,2, ..., N 
! 
i n  which 
r 7 
I - i Y L t  
v cos u - cos 5 cosnt S 
i n  which 
15 
I 
! 
i n  which 
A ( x , t )  = - 2 1 0 Q A ( n )  + 2 m R ~  A;")sin cp + Aw 
9 1 (n) cos cp J Jln 
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DEVELOPMENT OF THE BASIC METHOD 
The spec i f i c  p rob lem a t  hand here  i s  t o  establish t h e  means 
f o r  d e t e r m i n i n g  t h e  s t a b i l i t y  o f  a set  o f  l i n e a r  e q u a t i o n s  w i t h  
p e r i o d i c  c o e f f i c i e n t s ,  s u c h  as t h o s e  r e p r e s e n t i n g  a h e l i c o p t e r  
r o t o r  i n  f o r w a r d  f l i g h t ,  Eqs. ( 8 )  . Those  equat ions are p u t  i n  a 
somewhat  more convenient  form by def ining an independent  var iable  z, 
and changing  the  nota t ion  of t h e  c o e f f i c i e n t s ,  a c c o r d i n g  t o  
The e q u a t i o n s  t o  be analyzed then become 
t m,n = 1 , 2 ,  ..., N .  
m = 1 , 2 , . . . , N ;  
where amn and bmn are p e r i o d i c  f u n c t i o n s :  
a ( z  + IT) = amn (.z) mn 
As w a s  n o t e d  i n  t h e  i n t r o d u c t i o n ,  e q u a t i o n s  of t h e  form of 
Eqs. ( 9 )  have  r ece ived  cons ide rab le  a t t en t ion  ove r  the past   cen-  
tury.   Al though  a t tempts  a t  g e n e r a l  s o l u t i o n s  h a v e  m e t  w i th  little 
s u c c e s s ,  t h e  f o r m  o f  t h e  s o l u t i o n  i n  the  g e n e r a l  case has been 
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developed.  The  theory  of  Floquet (see Reference 6 )  y i e l d s  t h a t  
where $,(z) i s  p e r i o d i c ,  w i t h  a p e r i o d  71, and i w  i s  a complex  con- 
s t a n t .   S i n c e   t h e   d i f f e r e n t i a l   s y s t e m   ( E q s .  ( 9 ) )  i s  o f   o rde r  2 N ,  
t h e r e  a r e  2 N  va lues  o f  i w  d e f i n i n g  t h e  s o l u t i o n  f o r  a given case. 
I f  any  one of t h e s e  c h a r a c t e r i s t i c  v a l u e s  h a s  a p o s i t i v e  real  p a r t ,  
the  sys tem is  uns t ab le .  
I n  o r d e r  t o  s e c u r e  t h e  t h e o r e t i c a l  b a s i s  f o r  t h e  s o l u t i o n  and 
t o  a v o i d  n u m e r i c a l  d i f f i c u l t i e s ,  it i s  n e c e s s a r y  t o  f i r s t  o p e r a t e  on 
Eqs. ( 9 )  t o   o b t a i n  two r e l a t e d  sets of   equa t ions .  I t  i s  convenient  
f o r  t h i s  p u r p o s e  t o  u s e  m a t r i x  n o t a t i o n .  A column m - t r i x  X and 
square  matrices A and B can be def ined as 
x =  
5 1  
5 2  
5N 
A =  
so t h a t  Eqs. ( 9 )  can  be w r i t t e n  
d2 X 
dz - + A d z  
dX + BX = 0 
B =  
I 
whe re  the  de r iva t ive  o f  a m a t r i x  i s  the  mat r ix  formed by r ep lac ing  
each element by i t s  d e r i v a t i v e .  
The f i r s t  s t e p  i n  o b t a i n i n g  the two r e l a t e d  sets of  equat ions  
i s  t o  d i f f e r e n t i a t e  Eq. ( 1 0 )  , y i e l d i n g  
- d3X + A - d2X + 
dz  dz 
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If Eq. ( 1 0 )  i s  s o l v e d  f o r  d2X/dz2  and t h e  r e s u l t  s u b s t i t u t e d  
i n  Eq .  (ll), it i s  found  tha t  
dx 
dz 
- d3X + c - +  DX = 0 
d~ 3 
where 
c = -  dA + B-A* d z  
I f ,  now, Eq. ( 1 2 )  i s  d i f f e r e n t i a t e d  and the  second  de r iva t ive  
of  X e l i m i n a t e d  as b e f o r e ,  it i s  found tha t  
d X  
dz 
- d 4 X  + E  - +  F X  = 0 
d~ 4 
where 
E = -  
d z  dC + D - CA 
d z  dD CB . F = - -  
I t  can be shown t h a t  a set of  func t ions  is a s o l u t i o n  of the  
o r i g i n a l   e q u a t i o n  (Eq. (lo)), i f  and   on ly   i f  it i s  a s o l u t i o n  t o  
both  of t h e   d e r i v e d   e q u a t i o n s ,  Eq. (12) and Eq. (13). As a r e s u l t ,  
t h e   s o l u t i o n s   o f  Eq. ( 1 0 )  can be found by solving  Eqs.  (12) and (13) 
a n d  i d e n t i f y i n g  t h o s e  s o l u t i o n s  common t o  t h e  l a t t e r  two equat ions .  
The  proof i s  s t r a i g h t f o r w a r d ,  and i s  g i v e n  i n  Appendix A. 
C o n s i d e r ,   f i r s t ,   t h e   s o l u t i o n   t o  Eq. (12). I t  i s  convenient  
deno te  the  e l emen t s  o f  matrices C and D ,  r e s p e c t i v e l y ,  Eq. (12) 
a t  t h i s  p o i n t  t o  abandon the  mat r ix  nota t ion .  Thus ,  i f  cm and 
dmn 
g i v e s  t h a t  
m = 1 , 2 ,  ..., N . 
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From t h e  t h e o r y  of F l o q u e t ,  t h e  s o l u t i o n  of Eqs. (14) must be 
of t h e  form 
m = l f 2 , .  . . , N ;  
upon expansion of +m i n  a complex F o u r i e r  series. Also, t h e  p e r i -  
o d i c  c o e f f i c i e n t s  i n  Eqs. (14) can  be  expanded i n  F o u r i e r  series: 
I f  t h e  F o u r i e r  r e p r e s e n t a t i o n s  f o r  t h e  s o l u t i o n  a n d  f o r  t h e  
c o e f f i c i e n t s  a r e  s u b s t i t u t e d  i n  Eqs. ( 1 4 )  and  the  coe f f i c i en t s  o f  
e are grouped and se t  e q u a l  t o  z e r o ,  a s e t  o f  l i n e a r  r e c u r s i o n  
r e l a t i o n s  i n  t h e  unknown c o e f f i c i e n t s  pmk i s  ob ta ined .   Spec i f i -  
c a l l y ,  it i s  found tha t  
2ikz 
n = . . . f - 2 , - l , 0 , 1 , 2 f . . . ;  
r = 1 , 2 ,  ..., N 
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T h e s e  r e l a t i o n s  c o n s t i t u t e  a n  i n f i n i t e  set of l i n e a r  a l g e b r a i c  
e q u a t i o n s  i n  t h e  unknown F o u r i e r  c o e f f i c i e n t s  prnk. F o r   t h i s  s e t  
of  equat ions  t o  have a n o n t r i v i a l  s o l u t i o n ,  t h e  a s s o c i a t e d  i n f i n i t e  
de te rminant  A ( w )  must vanish (a  d i scuss ion  of i n f i n i t e  d e t e r m i n a n t s  
is g iven  in  Refe rence  6 ) .  The requi rement  tha t  A vanish  i s  t h e  con- 
d i t i o n  which determines w, and  hence  the  s t ab i l i t y  of the system. 
I n  o r d e r  t h a t  A be  meaningfu l ly  def ined ,  it i s  n e c e s s a r y  t o  
divide  each  of   Eqs.  (15) through by t h e  c o e f f i c i e n t  o f  prn. With 
t h e  unknowns then  appropr i a t e ly  o rde red ,  t he  d i agona l  e l emen t s  o f  
A are a l l  u n i t y  and  the  of f -d iagonal  e lements  a l l  v a n i s h  i n  t h e  
l i m i t  a s  a row o r  column index  o f  t he  de t e rminan t  t ends  to  e i ther  
p o s i t i v e   o r   n e g a t i v e   i n f i n i t y .   S p e c i f i c a l l y ,   t h e   e l e m e n t s  u U v  of 
A ( w )  (p, v = 0 ,  *I, i 2  ...) are g iven  by 
a Nn+r, Nk+s - - a (n,k;w) rs 
n,k = ... , - 2 , - 1 , 0 , 1 , 2  ,... ; 
r,s = 1 , 2  ,..., N ,  
where 
i n  which 
= l , i = j .  
Note t h a t  the  diagonal   e lements  u a r e  a l l  un i ty .  The  con- 
u p  
s t r u c t i o n  o f  t he  de te rminant  can  perhaps  be  bes t  v i sua l ized  as  
made up  of a c o l l e c t i o n  o f  s u b a r r a y s  which a r e  NxN i n  s i z e .  The 
loca t ion  o f  any e lement  wi th in  a subar ray  i s  determined from 
i n d i c e s  r and s. The loca t ion   of   each   subar ray  i s  s p e c i f i e d  
through  indices  n and  k. The genera l   a r rangement   o f   the  a's i n  
A i s  i l l u s t r a t e d  i n  F i g u r e  2 f o r  t h e  case N = 2 .  
The va lue  o f  A i s  o b t a i n e d ,  f o r  a g iven  w ,  by e v a l u a t i n g  t h e  
f in i te  de te rminant  formed by ranging n and k from, say, -L t o  L. 
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Figure 2 .  The arrangement of the   determinant  
elements for t h e  case N = 2 
Success ive ly  l a rge r  va lues  fo r  L a r e  t h e n  t a k e n  u n t i l  t h e  limit be- 
comes apparent '(see Reference 6 ) .  
The expression 
by i t s e l f  i s  no t  a p a r t i c u l a r l y  u s e f u l  r e l a t i o n  f o r  d e t e r m i n i n g  
w ,  b e c a u s e  o f  t h e  l i m i t i n g  p r o c e s s  i n v o l v e d  i n  e v a l u a t i n g  i n f i n i t e  
determinants .  I t  w i l l  be shown, however, t h a t  A ( w )  i n  f a c t  con- 
s t i t u t e s  a combined series-product expansion in w of a f i n i t e  sum 
of t r igonometr ic   func t ions .  With A ( w )  e x p r e s s e d  i n  t h e  lat ter 
form, Eq. (16)  c a n  b e  s o l v e d  e x p l i c i t l y  f o r  w .  
I t  shou ld  be  no ted  he re  tha t  H i l l  obtained such a r e l a t i o n  
fo r  the  second-order  d i f fe ren t ia l  equat ion  which  bears h i s  name 
(see Reference 6 ) .  The  development  which  follows i s  a genera l iza-  
t i o n  o f  t h a t  r e s u l t .  
Two p rope r t i e s  o f  t he  func t ion  A(w) must f i r s t  be e s t a b l i s h e d ,  
S p e c i f i c a l l y ,  it i s  a s s e r t e d  t h a t  
1. A ( w )  is  an a n a l y t i c   f u n c t i o n  of w ,  excep t   fo r   s imp le ,  
i d e n t i f i a b l e  p o l e s ;  
2. A ( w )  i s  p e r i o d i c  i n  w with  a per iod  of  2. 
That A ( w )  i s  ana ly t ic  can  be  concluded  by n o t i n g  t h a t  A is  an 
absolu te ly  convergent  de te rminant - - i . e . ,  the  product  of  the  d iag-  
ona l  e l emen t s  conve rges  abso lu te ly  ( in  th i s  case t o  u n i t y )  a n d  t h e  
double sum of the off-diagonal  e lemengs converges absolutely.  
Uniform convergence and analyt ic i ty  can then be e s t a b l i s h e d  (see 
Reference 6 )  . 
N o t e  t h a t  i f  t h e  o r i g i n a l  e q u a t i o n s  (Eqs. (9)), r a t h e r  t h a n  
der ived   equat ions  (Eqs .  (14) ) ,had   been   used  t o  gene ra t e  A ,  t h a t  
determinant would not have been absolutely convergent since the 
double sum of  of f -d iagonal  e lements  genera ted  f rom the  or ig ina l  
equat ions  is only  condi t ional ly   convergent .  What fo l lows   h inges  
an the a n a l y t i c i t y  o f  A ,  hence  the  necess i ty  for  working  wi th  the  
d i f f e r e n t i a t e d  sets of  equat ions ,  
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where  the  X's are t h e  3N r o o t s  of t h e  N cubic equa t ions  
X 3  + X C r r 0  + n = o  
r r 0  
, r = 1 , 2 , .  . . ,N.  
The p e r i o d i c i t y  o f  A i s  shown by s u b s t i t u t i n g  w + 2 f o r  w i n  
t he  expres s ion  fo r  a rS ,  whereupon it is  found t h a t  
a (n,k;w + 2 )  = a r s (n  + 1 , k  + 1 ; w )  rs 
Thus, i n  t h e  l i m i t ,  the  va lue  of  A is unchanged i f  w i s  r ep laced  
by w + 2:  
A ( w  + 2 )  = A ( w ) .  
Now, c o n s i d e r  t h e  f u n c t i o n  D ( w ) ,  de f ined  by 
N 3  
where  the f ' s  are cons t an t s .   Obse rve   t ha t  i s  an a n a l y t i c  
func t ion  and  tha t  
r j 
F u r t h e r ,  n o t e  t h a t  t h e  term 
h a s  s i m p l e  p o l e s  a t  w = - 2n - i h  f o r  n = 0 , * 1 , * 2 ,  . . . , and  has 
no o t h e r  s i n g u l a r i t i e s .  T h u s ,  i f  t h e  v a l u e  f o r  e a c h  c o n s t a n t  f 
i s  properly  chosen,  D ( w )  w i l l  have  no  poles.  L e t  t h e  f ' s  be so  
chosen,  making D ( w )  a n a l y t i c  t h r o u g h o u t  t h e  f i n i t e  p a r t  o f  t h e  w- 
plane.  But D i s  c l e a r l y  bounded a t  i n f i n i t y ;  A ( w )  has a l i m i t  of  
one  and the   co tangents   have  limits of *i f o r  I m ( w ) - + * m .  Therefore ,  
by L iouv i l l e ' s  t heo rem,  D ( u )  i s  simply some c o n s t a n t ,  s a y  c: 
r j  
r j  
r j  
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It  on ly  r ema ins  to  de t e rmine  the  va lues  o f  t he  f ' s  and of 
r j  
c. This  i s  f a c i l i t a t e d  b y  f i rs t  c o n s i d e r i n g  t h e  limits of D ( w )  
w i t h  i n f i n i t e  o: 
C l e a r l y ,   t h e n ,  c=l and 
Replacing c by un i ty  and  so lv ing  fo r  A i n  Eq. (18) g i v e s  t h a t  
Now, l e t  3N - 1 a r b i t r a r y  ( b u t  f i n i t e )  v a l u e s  o f  w ,  s ay  w l ,  
U2,... 
3N - 1 equa t ions ,  t oge the r  w i th  the  one  ob ta ined  fo r  i n f in i t e  w ,  
p r o v i d e   s u f f i c i e n t   r e l a t i o n s  t o  s o l v e   f o r   t h e  f I s .  More spec i -  
f i c a l l y ,  t h o s e  c o n s t a n t s  a r e  t h e  s o l u t i o n  o f  
'w3N-1' b e   a s s i g n e d   i n   t h e  above  equation.  The  result ing 
r j  
N 3  
1 1 f cot[:(wk + i A  ) 3  = 1 - A(wk) , k = 1,2 ,..., 3N - 1; 
r=1 j = 1  r j  r j 
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With t h e  f 's known, t h e   d e t e r m i n a n t a l   e q u a t i o n ,  A(w) = 0 ,  
r j 
can be replaced by 
N 3  
A polynomial of degree 3N i n  e can be readi ly  der ived from irw 
Eq. ( 2 0 ) .  The 3N roots   o f   tha t   po lynomia l   de te rmine   the   charac-  
t e r i s t ic  va lues  for  Eqs .  ( 1 2 )  . 
OUTLINE O F  BASIC COMPUTER PROGRAM 
I n  o r d e r  t o  implement t h e  method der ived  for  ana lyz ing  sta- 
b i l i t y  o f  dynamic systems with per iodic  parameters ,  a b a s i c  d i g i t a l  
computer program w a s  p r e p a r e d  f o r  t h e  a n a l y s i s  of systems with 
three  degrees  of  freedom. The p rogram  accep t s   t he   pe r t inen t   da t a  
f o r  a g i v e n  s y s t e m  i n  t h e  form o f  F o u r i e r  c o e f f i c i e n t s  of t h e  
p e r i o d i c  c o e f f i c i e n t s  i n  t h e  e q u a t i o n s  o f  m o t i o n  ( E q s .  ( 9 1 ,  with  
N = 3 ) ,  a n d  t h e n  p r o c e e d s  t o  c a l c u l a t e  t h e  s i x  c h a r a c t e r i s t i c  
values  of  the system by t h e  me thod  de r ived  in  the  p rev ious  sec t ion .  
F o r  s p e c i f i c  a p p l i c a t i o n s ,  a sma l l  sub rou t ine  can  be  p repa red ,  i f  
necessary ,  t o  g e n e r a t e  t h e  F o u r i e r  c o e f f i c i e n t s  u s e d  a s  i n p u t  b y  
the basic computer program. 
The overa l l  f low of  in format ion  guided  by  the  formula t ions  
of the  bas i c  p rogram are out l ined below.  The  numbers i n  t h e  o u t -  
l i ne  co r re spond  to  those  in  the  b locks  on  the  f low d iag ram o f  
Figure 3 .  The o u t l i n e  i n c l u d e s  r e f e r e n c e  t o  t h e  p e r t i n e n t  e q u a -  
t i o n s  o f  t h e  p r e v i o u s  s e c t i o n .  The r e l a t i o n s  g u i d i n g  t h e  more 
rout ine  procedures ,  such  as ex t r ac t ion  o f  t he  roo t s  o f  po lynomia l s  
and  so lv ing  o f  l i nea r  a lgeb ra i c  equa t ions ,  have  been  omi t t ed ,  bu t  
are embodied i n  t h e  computer program, a l i s t i n g  o f  which i s  g iven  
i n  Appendix B. 
1. Four ie r   Expans ion   of   Coef f ic ien ts  
Given t h e  c o e f f i c i e n t s  of t h e  e q u a t i o n s  of mot ion  for  a l i n e a r  
dynamic system with three degrees of freedom and periodically 
varying parameters with normal modes used  a s  gene ra l i zed  co- 
o rd ina te s ,   such   a s  E q s .  ( 9 1 ,  t h e  c o e f f i c i e n t s  are expanded 
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S y b t e m  c h a n a c t e k i b t i c  V a l u e d  
Figure  3. Procedure fo r  c a l c u l a t i n g  c h a r a c t e r i s t i c  v a l u e s  o f  a 
dynamic system with three degrees of freedom and 
pe r iod ica l ly  va ry ing  pa rame te r s  
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i n  F o u r i e r  series. The s p e c i f i c  o u t p u t  i s  a set of F o u r i e r  
c o e f f i c i e n t s  f o r  t h e  p e r i o d i c  c o e f f i c i e n t s  am and bmn appear- 
i n g   i n ' E q s .  (9) wi th  N = 3 ;  m,n=1,2,3.   This   subrout ine i s  
a s s o c i a t e d  w i t h  t h e  p a r t i c u l a r  dynamic system being analyzed. 
and can be described as p r e p a r i n g  t h e  i n p u t  t o  t h e  m a i n  
s t a b i l i t y - a n a l y s i s  program. 
2 .  Matrix M u l t i p l i c a t i o n  and Fourier  Expansion  of 
C o e f f i c i e n t s  
Given t h e  F o u r i e r  c o e f f i c i e n t s  of the  e l emen t s  of t h e  3x3 
ma t r i ces  A and B appea r ing  in  E q .  (101, t h e  F o u r i e r  c o e f f i c i -  
en t s  o f  t he  e l emen t s  o f  matrices C and D ,  a p p e a r i n g  i n  Eq. 
( 1 2 )  ,and of  E and F,  appea r ing  in  Eq. (13), are c a l c u l a t e d .  
I n  t h i s  way, t h e  c o e f f i c i e n t s  o f  t h e  h i g h e r - o r d e r ,  or d i f f e r -  
en t i a t ed ,  sys t ems  o f  equa t ions  are r e l a t e d  t o  t h e  o r i g i n a l  
system  of  equations,   Eqs.  ( 9 ) .  
3.  Polynomial  Factorization 
The t h r e e  cubic po lynomia l s  a s soc ia t ed  wi th  the  de t e rminan t  
fo r  t he  n in th -o rde r  sys t em a re  f ac to red  t o  o b t a i n  t h e  n i n e  
s i n g u l a r i t i e s  of t h a t   d e t e r m i n a n t   ( s u b r o u t i n e   3 a ) .  The t h r e e  
qua r t i c  po lynomia l s  a s soc ia t ed  wi th  the  twe l f th -o rde r  sys t em 
are f a c t o r e d  t o  o b t a i n  t h e  t w e l v e  s i n g u l a r i t i e s  o f  t h a t  d e t e r -  
minant   (subrout ine  3b)  . The p o i n t s  uk a t  which t h e  i n f i n i t e  
de te rminants  are t o  be  eva lua ted  are a l s o  s e l e c t e d ,  by spec i -  
fying each of them t o  be a set d i s t a n c e  6 from one of the 
s i n g u l a r  p o i n t s  o f  t h e  d e t e r m i n a n t .  The accuracy  of   the so lu-  
t i o n  was found t o  b e  q u i t e  s e n s i t i v e  t o  t h e  v a l u e  of 6 ,  i t  
g e n e r a l l y  b e i n g  n e c e s s a r y  t o  make 6 a s  small as p o s s i b l e ,  
w i thou t  s ac r i f i c ing  numer i ca l  accu racy  e l sewhere  i n  t he  p ro -  
gram, i n  o r d e r  t o  g e t  s a t i s f a c t o r y  r e s u l t s .  The r e a s o n   f o r  
t h i s  b e h a v i o r  i s  no t  known, b u t  i s  presumably connected in  
some way t o  t h e  accu racy  wi th  wh ich  the  in f in i t e  de t e rminan t s  
are ca l cu la t ed ,  t h i s  be ing  the  mos t  d i f f i cu l t ,  and  hence  
least  accu ra t e ,   o f   t he   t a sks   pe r fo rmed  by t h e  program. A 
v a l u e   f o r  6 o f  was used   fo r   mos t   o f   t he   ca l cu la t ions  
r epor t ed  he re .  
4 .  Determinant  Element  and  Determinant  Evaluation 
For each value of w the   determinant   e lements  are computed 
k '  
and the i n f i n i t e  d e t e r m i n a n t  i s  eva lua ted .  I t  was a n t i c i p a t e d  
that this s t e p  would be the most t ime-consuming one in the 
program,  and so cons ide rab le  ca re  was t a k e n  t o  employ the 
most  economical means fo r  de t e rminan t  eva lua t ion .  A process  
o f  t r i a n g u l a r i z a t i o n  was s e l e c t e d  f o r  e v a l u a t i n g  f i n i t e  
determinants .  
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The l i m i t i n g  v a l u e  o f  a de te rminan t ,  fo r  a g iven  uk,  as t h e  
number of  e lements  increases  without  bound,  i s  e s t ima ted  as 
fo l lows .   Three   de te rminant   va lues ,   for   th ree   success ive ly  
l a r g e r  numbers of rows  and  columns, are first obtained.  The 
determinant  i s  then  assumed t o  v a r y  i n v e r s e l y  as some unknown 
power o f  t h e  number of  rows  and  columns.  The  assumed :form 
h a s  t h r e e  unknown c o n s t a n t s ,  so t h e  t h r e e  d e t e r m i n a n t  v a l u e s ,  
co r re spond ing  to  three d i f f e r e n t  d e t e r m i n a n t  s i z e s ,  p rovide  
s u f f i c i e n t  i n f o r m a t i o n  t o  c a l c u l a t e  t h e  c o n s t a n t s  and hence 
an  e s t ima te  o f  t he  l i m i t  as t h e  number of  e lements  becomes 
i n f i n i t e .  I t  has been  found t h a t  t h r e e  d e t e r m i n a n t s ,  re- 
s p e c t i v e l y  33x33, 39x39 and 45x45 i n  s i z e ,  g e n e r a l l y  are 
s u f f i c i e n t  t o  p r o v i d e  t h r e e - p l a c e  a c c u r a c y  i n  t h e  r e s u l t .  
5. Se t -up  and  Solu t ion  of  the  Linear  Algebra ic  Equat ions  
For t h e  n in th-order  sys tem,  t h e  e i g h t  v a l u e s  o f  uk and the 
e igh t  va lues  o f  A ( W  ) are u s e d  t o  compute the  c o e f f i c i e n t s  
and  inhomogeneous terms of  Eqs. ( 1 9 ) .  The n ine   equat ions  
a re   t hen   so lved   €o r  t h e  n ine   cons t an t s  f A s i m i l a r   p r o -  
cedure i s  f o l l o w e d  t o  o b t a i n  the  t w e l v e  c o n s t a n t s  f o r  t h e  
twelf th-order   system. The equat ions  are so lved  by t r i angu-  
l a r i z a t i o n .  
k 
r j '  
6.  Determinat ion  of   the Character is t ic  Polynomials  of t he  
Higher-Order Systems 
For t he  ninth-o.rder system, the coe f f i c i en t s  o f  t he  po ly -  
nomial of the n i n t h  ategree i n  e i'w a r e  d e r i v e d  from the  deter- 
minan ta l   equa t ion ,  Eq. ( 2 0 )  ( s u b r o u t i n e   6 a ) .   S i m i l a r l y   t h e  
c o e f f i c i e n t s  of t h e  c h a r a c t e r i s t i c  p o l y n o m i a l  o f  t h e  t w e l f t h -  
order  system are ob ta ined  from t h e  appropr i a t e  de t e rminan ta l  
equat ion  ( subrout ine  6b)  . 
7. Evalua t ion   of  t h e  Common Polynomial  Factor 
At t h i s  po in t ,  one  cou ld  p re sumab ly  compute t h e  n i n e  r o o t s  o f  
the  n in th-degree  polynomia l ,  the  twelve  roots  of  the  twel f th-  
degree polynomial  and ident i fy  t h e  r o o t s  common t o  the two 
polynomials as b e i n g  t h e  c h a r a c t e r i s t i c  v a l u e s  o f  t h e  o r i g i n a l  
system.  However, t h i s   p r o c e d u r e   r e q u i r e s   e v a l u a t i o n   o f   f i f t e e n  
ex t raneous  roots ,  fo l lowed by p o s s i b l e  d i f f i c u l t i e s  i n  i d e n t i -  
fying which roots  are indeed common ones.  
I t  w a s  found, though, t h a t  t he  c o e f f i c i e n t s  o f  t h e  c h a r a c t e r -  
i s t i c  equat ion  fo r  t h e  o r i g i n a l  s y s t e m ,  which i s  a c t u a l l y  a 
polynomia l  fac tor  common t o  the two higher-degree polynomials,  
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can  be  ob ta ined  in  terms o f  t h e  c o e f f i c i e n t s  o f  t h e s e  h i g h e r -  
degree  polynomials.  The s t e p s   t a k e n   t o   d e r i v e   t h e   n e c e s s a r y  
e x p r e s s i o n s  a r e  o u t l i n e d  i n  Appendix C. Subrout ine 7 imple- 
men t s  t h o s e  e x p r e s s i o n s ,  y i e l d i n g  t h e  c o e f f i c i e n t s  o f  t h e  
s ix th-degree  polynomia l  charac te r iz ing  the  or ig ina l  sys tem.  
8. Polynomial   Factor izat ion 
A s t a n d a r d  l i b r a r y  s u b r o u t i n e  i s  u s e d  t o  o b t a i n  t h e  s i x  r o o t s  
o f   t h e   c h a r a c t e r i s t i c   p o l y n o m i a l .  The logar i thm of each   roo t  
i s  then  eva lua ted  ( r eca l l  t ha t  t he  po lynomia l  i s  formed of 
powers of e ) t o   o b t a i n   t h e   s i x   c h a r a c t e r i s t i c   v a l u e s ,  and 
h e n c e  t h e  s t a b i l i t y ,  o f  t h e  s y s t e m .  
irw 
During the check-out of the computer program, it was found 
necessary t o  e x t r a c t  t h e  r o o t s  o f  t h e  h i g h e r - d e g r e e  p o l y -  
nomials.   Since l i t t l e  add i t iona l   runn ing  t i m e  i s  consumed 
by those  ca l cu la t ions ,  de t e rmina t ion  o f  t he  roo t s  and  cha rac -  
t e r i s t i c  v a l u e s  f o r  t h e  n i n t h  and twel f th-order  sys tems has  
been  re ta ined  in  the  program for  purposes  of comparison. 
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APPLICATION O F  THE METHOD 
The computer program implementing the general method w a s  first 
checked out by  means of a test  case, t h e  characterist ic values  of  
which could be derived in advance. The program w a s  u s e d  n e x t  t o  
analyze a ro to r  sys t em wi th  two degrees  of freedom for which solu- 
t i o n s  by d i r e c t  time in t eg ra t ion  had  been  ob ta ined  p rev ious ly .  
L a s t l y ,  c a l c u l a t i o n s  were conducted for  a model ro tor  sys tem having  
th ree  deg rees  o f  f r eedom,  fo r  wh ich  f lu t t e r  boundar i e s  had  been  
obta ined   exper imenta l ly .   These   appl ica t ions  are d i s c u s s e d  i n  d e t a i l  
below. 
Test Case Calculat ions 
I t  was found necessary i n  the  course  of  the  check-out  of t h e  
computer program t o  have  ava i lab le  a tes t  c a s e  f o r  which the  cha r -  
a c t e r i s t i c  v a l u e s  o f  t h e  o r i g i n a l  s i x t h - o r d e r  s y s t e m  as w e l l  as of 
the  der ived  n in th-order  sys tem were known i n  advance. Such a case  
w a s  genera ted  by appropr i a t e ly  t r ans fo rming  Math ieu ' s  equa t ion .  
The s ix th-order  sys tem was then  made up from th ree  o f  t hese  equa -  
t i o n s ,  t r e a t e d  as a coupled system, the program not  being able t o  
d i s t ingu i sh  whe the r  t he  equa t ions  are coup led  o r  no t .  
The d e r i v a t i o n  o f  t h e  tes t  case was c a r r i e d  o u t  as fo l lows .  
Consider  Mathieu 's  equat ion,  which i s  g e n e r a l l y  w r i t t e n  i n  t h e  
form 
d2 u 
dz2 
-+ ( a  - 2q cos 2 z ) u  = 0 
where a and q a r e  s p e c i f i e d  c o n s t a n t s .  The c h a r a c t e r i s t i c  v a l u e s  
* p  of  Math ieu ' s  equat ion  are a func t ion  of  a and q (see Reference 
5 ) .  
Now, l e t  a new dependent  var iab le  y be de f ined  by 
- z f ( z )  1 
y = ue 
where f (2) is  p e r i o d i c  w i t h  a pe r iod  71, bu t  o the rwise  may be re- 
g a r d e d  a s  a r b i t r a r y .  I f  u i s  s u b s t i t u t e d  i n  Eq. ( 2 1 )  i n  terms of 
y and f t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n  f o r  y i s  obtained:  
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* + A * + B y = O  
dz dz 
where 
A = A f ( z )  3 
~ = a - 2 q c o s 2 z + - f ~ + - -  1 1 df 
ti dz 36 
Suppose, now, f i s  g iven  b y  
f ( 2 )  = 1 ( A ~  cos 2nz + B~ s i n  2 n z ) .  
n= o 
I t  t h e n  f o l l o w s  t h a t  t h e  c h a r a c t e r i s t i c  v a l u e s  o f  y ,  a s  a s o l u t i o n  
of  E q .  ( 2 2 )  , must  be p - A 0 / 6  and - p - A o / 6 .  Thus, w e  have  der ived 
a s e c o n d - o r d e r  d i f f e r e n t i a l  e q u a t i o n  w i t h  p e r i o d i c  c o e f f i c i e n t s ,  o f  
a q u i t e  g e n e r a l  f o r m ,  f o r  which t h e  c h a r a c t e r i s t i c  v a l u e s  are known. 
Fur ther ,  suppose  a th i rd -o rde r  equa t ion  is de r ived  by t h e  
method described previously which eliminates t h e  s e c o n d  d e r i v a t i v e ,  
namely 
* + C * + D y = O  
dz 3 dz 
where 
C = B + -  dA - A2 
dz 
D = - -  dB AB 
dz 
I t  i s  p o s s i b l e ,  t h r o u g h  f u r t h e r  t r a n s f o r m a t i o n  a n d  u t i l i z a t i o n  o f  
the r e l a t i o n s  g i v e n  on  p.  134 of Reference 5 ,  t o  show t h a t  t h e  
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a d d i t i o n a l  c h a r a c t e r i s t i c  v a l u e  of Eq. (23) i s  t h e  n e g a t i v e  o f  t h e  
sum of  the  o the r  two  va lues ,  i -e. ,  A0/3. 
The t h r e e  e q u a t i o n s  o f  t h e  test  case were a l l  der ived  f rom the  
Mathieu 's  equat ion having a = 1, q = 0.32.  For  those values  of  a 
and  q ,  it f o l l o w s  t h a t  1-1 = -15813 + i (see p.  105  of  Reference 5 ) .  
f o r  e a c h  e q u a t i o n  of t h e  test  case. The va lues  of  A o ,  A1 and A, 
c h o s e n  a n d  t h e  a s s o c i a t e d  c h a r a c t e r i s t i c  v a l u e s  f o r  t h e  t h r e e  de- 
grees  of  f reedom are  as fol lows : 
1 Only t h e   f i r s t   t h r e e  terms o f   t h e  series f o r   f ( z )  were r e t a i n e d  
A0 A0 
A0 A0 / 3  - v - 7  1-1 -7  A2 A1 
- 4.5 
- 0 . 6  
- 1 . 5   0 . 5 9 1 8 7  - i 0 . 9 0 8 1 3  + i 0 . 6  2 . 0  
1.0 - 0 . 6 5 8 1 3  - i - 0 . 3 4 1 8 7  + i 0 .6  - 2 . 0  3.0 
- 0 . 2  - 0 . 0 5 8 1 3  - i 0 . 2 5 8 1 3  + i - 0 . 6  2.0 
i The F o u r i e r  c o e f f i c i e n t s  o f  t h e  f u n c t i o n s  A and B appearing 
i n  E q .  ( 2 2 )  w e r e  c a l c u l a t e d  f o r  t h e  t h r e e  d e g r e e s  of freedom  and 
were suppl ied   as   inputs   to   the   computer   p rogram.  The cha rac t e r -  
i s t i c  values which were c a l c u l a t e d  f o r  t h e  n i n t h  and  twel f th  order  
sys tems are  tabula ted  be low,  toge ther  wi th  the  independent ly  
d e r i v e d   e x a c t   ( a n t i c i p a t e d )   v a l u e s .  The q u a n t i t i e s  X R  and A I  
given are r e l a t e d  t o  w by 
i w  = X R  + i X ,  . 
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CHARACTERISTIC VALUES OF THE 9TH ORDER  SYSTEM 
r 
Calculated 
l R  
0 .90813  
0 . 5 9 1 8 5  
0 .25814  
- 0 , 0 5 8 1 6  
- 0 .34184  
- 0 . 6 5 8 1 3  
- 1 . 5 0 0 0 0  
- 0 . 1 9 9 9 8  
1 . 0 0 0 0 0  
1 . 0  
- 1 . 0  
1 . 0  
- 1 .0  
1 . 0  
- 1 . 0  
0.0 
0 . 0  
0 . 0  
l R  
0 .90813 
0 .59187  
0 .25813  
- 0 .05813  
- 0 . 3 4 1 8 7  
- 0 . 6 5 8 1 3  
- 1 . 5 0 0 0 0  
- 0 . 2 0 0 0 0  
1 . 0 0 0 0 0  
5 
1 . 0  
- 1 . 0  
1 .0  
- 1 . 0  
1 . 0  
- 1 . 0  
0.0 
0.0 
0 . 0  
CHARACTERISTIC VALUES O F  THE 12TH ORDER SYSTEM 
Calculated 
x R  
0 . 9 0 8 0 3  
0 . 5 9 1 8 7  
0 . 2 5 8 0 2  
- 0.05960 
- 0 .34188  
- 0 . 6 5 8 1 3  
0 .97699  
0 .02369  
- 0 .10970  
- 0 . 4 1 4 2 5  
0 . 2 1 4 3 1  
- 1 . 3 8 9 3 5  
~ - 
- 
1 . 0  
- 1 . 0  
1 . 0  
- 1 . 0  
1 . 0  
- 1 . 0  
1 . 0  
- 1 . 0  
1 . 0  
0 .0  
0 . 0  
- 1 . 0  
- - 
Anticipated 
~ _ _ _  - -~ 
x R  
~ ~~ 
0 . 9 0 8 1 3  
0 .59187  
0 .25813  
- 0 .05813  
- 0 . 3 4 1 8 7  
- 0 . 6 5 8 1 3  
- 
- 
- 
- 
- 
- 
7 
1 
34 
I 
A s  can  be  seen  f rom the  t abu la t ed  r e su l t s ,  t he  cha rac t e r i s t i c  
va lues  common t o  t h e  n i n t h  and  twel f th  order  sys tems are those  o f  
the   s ix th-order   sys tem.   Note ,   too ,   tha t   the   p rogram  for   the   mos t  
p a r t  p r e d i c t s  t h e  c h a r a c t e r i s t i c  v a l u e s  f o r  t h i s  c a s e  t o  f o u r  
s i g n i f i c a n t  f i g u r e s .  
The c h a r a c t e r i s t i c  v a l u e s  were a l s o  c a l c u l a t e d  from t h e  s i x t h -  
degree polynomial which was der ived from the two higher-degree 
polynomials.  The r e s u l k i n g   r o o t s  were u n a c c e p t a b l y   d i f f e r e n t  from 
the  cor rec t  va lues ,  apparent ly  because  the  polynomia l  as  so de r ived  
is s e n s i t i v e  t o  s l i g h t  i n a c c u r a c i e s  i n  t h e  c o e f f i c i e n t s  o f  t h e  
h igher -degree   po lynomia ls   for   th i s  case. Thus, it may be  necessary 
t o  r e l y  on direct  comparison of  ninth-order  and twelf th-order  s o l u -  
t i o n s  t o  d e t e r m i n e  t h e  c o r r e c t  s i x t h - o r d e r  s o l u t i o n s  i n  some in-  
s t ances .  
Comparison With Direct T i m e  I n t e g r a t i o n  
The a n a l y s i s  o f  s t a b i l i t y  by d i rec t  t i m e  i n t e g r a t i o n  on a d i g i -  
t a l  computer of a r i g i d  r o t o r  blade wi th  f lapping  and  lead- lag  
h inges  is r e p o r t e d  i n  Reference 1 2 .  The n o n l i n e a r   r e p r e s e n t a t i o n s  
of both i n e r t i a l  and  aerodynamic  forces  a re  u t i l i zed  i n  the equa-  
t ions  of  mot ion .  The basic b lade  for  which  numer ica l  resu l t s  were 
ob ta ined  had zero  of fse t  o f  the  f lappinq  h inge  and  0 . 0 5 R  o f f s e t  o f  
the  lead- lag  h inge .  The blade had a cons tan t  chord  except  for  a 
c u t - o u t   f r o m   t h e   a x i s   o f   r o t a t i o n   t o  0 . 2  R. I n  t h e  c a l c u l a t i o n s  
repor ted  in  Reference  1 2 ,  t h e  r o t o r  was unloaded and a t  z e r o  s h a f t  
a n g l e .   F u r t h e r   d e t a i l s   c a n  be found i n  Reference 1 2 .  
For two of t h e  cases  analyzed in  Reference 1 2 ,  t h e  v a r i a t i o n s  
of   f lapping  and  lead-lag  angles   with t i m e  are presented.  These 
cases  had values  of  advance rat io  u of 0 .6  and 1 . 4 ,  r e s p e c t i v e l y .  
The mass cons t an t  y l  f o r  b o t h  c a s e s  was 1 . 6  ( y '  = o c R 4 / I h ,  where 
Ih i s  t h e  mass moment o f  i n e r t i a  a b o u t  t h e  l e a d - l a g  h i n g e ) .  The 
case  for t he  lower  advance  r a t io  is r e p o r t e d  t o  be ve ry  s t ab le  and  
t h e  case wi th  1 ~ .  = 1 . 4  i s  i n d i c a t e d  t o  b e  s t a b l e  b u t  n e a r  a boundary 
o f  n e u t r a l  s t a b i l i t y .  The t i m e  h i s t o r i e s  o f  t h e  blade displacements,  
from  Reference 1 2 ,  are reproduced  in  F igures  4 and 5. 
The appropr i a t e  pa rame te r  va lues  fo r  t hese  two cases  were in -  
s e r t e d  i n  t h e  l i n e a r i z e d  e q u a t i o n s  of motion of a r o t o r  b l a d e  
deve loped   p rev ious ly   i n   t h i s   r epor t .  Series r e p r e s e n t a t i o n s   o f   t h e  
c o e f f i c i e n t s  i n  t h e  e q u a t i o n s ,  i n c l u d i n g  t h e  f i r s t  e l e v e n  h a r m o n i c s  
o f  r o t o r  r o t a t i o n a l  s p e e d ,  w e r e  gene ra t ed  and  supp l i ed  to  the  main 
s t a b i l i t y - a n a l y s i s  program. The c h a r a c t e r i s t i c   v a l u e s   c a l c u l a t e d  
are as fo l lows:  
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CHARACTERISTIC VALUES 
DEGREE OF 
FREEDOM p = 0.6 p = 1.4 
l R  XI X R  XI 
- 1.13400 
1 . 0  - 2,56010 - 0.60206 - 1.13400 
- 1 .0  - 0.73379 0.60206 
Flapping 
- 0.00353 
- 0.56206 - 0.00534 - 0.56195 - 0.00353 
0.56206 - 0.00534 0.56195 
Lead-Lag 
E x a m i n a t i o n  o f  t h e s e  r e s u l t s  i n d i c a t e s  q u a l i t a t i v e  a g r e e m e n t  
w i t h  t h e  r e s u l t s  of t h e  a n a l y s i s  by d i r e c t  t i m e  i n t e g r a t i o n  b u t  
t h e r e  is ev idence   o f  some d i f f e r e n c e s  i n  q u a n t i t y .  A t  1.1 = 0.6 ,  t h e  
f lapping motion should damp by a f a c t o r  e-’ = 0.135 i n  4 / ( - X R )  
= 3.527 radians of azimuth change, by t h e  r e s u l t  o b t a i n e d  h e r e ,  
whereas  Figure 4 i n d i c a t e s  a much more r ap id  dec rease .  On t h e  
o ther  hand ,  a t  1.1 = 1 . 4 ,  t h e  f a c t o r  e-* s h o u l d  a p p l y  t o  t h e  f l a p p i n g  
mot ion  for  a change  of 4 / ( -XR)  = 5.452 r a d i a n s ,  b u t  F i g u r e  5 i n d i -  
cates tha t  t he  f l app ing  mot ion  i s  cons iderably  less s t a b l e  t h a n  
t h a t .  
From t h e  q u a l i t a t i v e  v i e w p o i n t ,  t h e  c o m p a r i s o n  i s  more favor- 
ab le .  The d e c r e a s e  i n  s t a b i l i t y  of the   f lapping   degree   o f   f reedom 
w i t h  i n c r e a s i n g  1.1 i s  i n  e v i d e n c e  i n  t h e  r e s u l t  o b t a i n e d  h e r e ,  
s i n c e  X R  i s  less nega t ive  a t  1.1 = 1 . 4  than  a t  I.I = 0 . 6 .  The sta- 
b i l i t y  o f  a given system i s  de termined ,  of  course ,  by t h e  l eas t  
n e g a t i v e ,   o r   m o s t   p o s i t i v e ,   v a l u e   o f  X R .  Also,   in   agreement   with 
t h e  i n d i c a t i o n s  o f  F i g u r e s  4 and 5,  the lead-lag motion i s  on ly  
s l i g h t l y  damped, w i t h  a f a c t o r  e-’ dec rease  occur r ing  in  1 ,130  
r a d i a n s  a t  1.1 = 0.6 and i n  750 r a d i a n s  a t  1.1 = 1.4 . .  
The q u a n t i t a t i v e  d i f f e r e n c e s  i n  t h e  p r e d i c t i o n s  o f  t h e  f l a p -  
p ing  mot ion  can  be  a t t r i bu ted  to  the  non l inea r  e f fec ts  which are 
i n c l u d e d  i n  t h e  d i r e c t - i n t e g r a t i o n  s o l u t i o n ,  b u t  which are absen t  
from the   formula t ions   ana lyzed   here .   This   can   be   seen   as   fo l lows .  
With t h e  r o t o r  u n l o a d e d ,  a s  i s  t h e  case h e r e ,  t h e  e q u a t i o n s  f o r  
r igid-body f lapping and lead-lag motion become decoupled when 
l inear ized.   Thus,   any  coupl ing  of   the  motion  which i s  d e t e c t e d  
can  be  a t t r i bu ted ,  i n  t h i s  c a s e ,  t o  n o n l i n e a r  d y n a m i c - c o u p l i n g  
effects.  S i n c e  t h e  m o t i o n s  p l o t t e d  i n  F i g u r e s  4 and 5 were 
i n i t i a t e d  by a d i s t u r b a n c e  i n  f l a p p i n g ,  t h e  c o n s i d e r a b l e  l e a d - l a g  
motion  must  then a l l  be  due t o  n o n l i n e a r  e f f e c t s .  F u r t h e r m o r e ,  
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Figure 4 .  Blade  motions  for  advance  ratio 
(from Reference 1 2 ) .  
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Figure 5. Blade mot ions   for   advance   ra t io  p = 1 . 4  
(from Reference 1 2 ) .  
t he  f l app ing  mot ion  fo r  LI = 1.4 a t  the  h igher  az imuth  angles  
appears  to  have  been  exc i ted  by t h e  p e r s i s t i n g  l e a d - l a g  m o t i o n ,  
r e s u l t i n g  i n  an apparent  damping of the motion which i s  much less 
than would otherwise be the case. 
Comparison With Experimental Data 
Reference 1 0  r e p o r t s  t h e  r e s u l t s  o f  a n  e x p e r i m e n t a l  i n v e s t i -  
g a t i o n  o f  t h e  f l u t t e r  o f  a model h e l i c o p t e r  r o t o r  i n  f o r w a r d  
f l i g h t .  The model r o t o r  had a s i n g l e  b l a d e  w i t h  a r ad ius  o f  fou r  
f e e t  and  with a f l a p p i n g  h i n g e  t h r o u g h  t h e  a x i s  o f  r o t a t i o n .  The 
blade had a cons tan t  chord  of  3.5 inches and a r o o t  c u t o u t  o f  6 
i n c h e s .  I n e r t i a l  and e l a s t i c  p r o p e r t i e s  o f  t h e  b l a d e  are g i v e n  i n  
Reference 1 0 .  The b lade  w a s  r e l a t i v e l y  s t i f f  i n  t o r s i o n ,  b u t  t h e  
con t ro l  sys t em w a s  made f l e x i b l e ,  so t h e  p r i m a r y  c o n t r i b u t i o n s  t o  
blade motions der ived from r igid-body pi tch,  f lapping motions and 
d e f l e c t i o n s  i n  t h e  f i r s t  f l a p w i s e  b e n d i n g  mode. The main  parame-' 
ters o f  t he  s tudy  were a d v a n c e  r a t i o ,  c o n t r o l  s y s t e m  s t i f f n e s s  
and chordwise mass center location. 
The case  selected for comparison had a r a t i o  of f i r s t  f l a p -  
w i s e  bending  frequency ; t o   c o n t r o l   f r e q u e n c y  w e  (nonro ta t ing )  
of 1 .31  and a chordwise mass cen te r  l oca t ion  o f  42 .5% of  chord  a f t  
o f  t he  l ead ing  edge ,  g iv ing  a value of  0 .139  f o r  e q u i v a l e n t  mass 
c e n t e r  l o c a t i o n  a s  d e f i n e d  i n  R e f e r e n c e  1 0 .  Th i s   ca se  was chosen 
because  the  da t a  as p l o t t e d  i n  Figure 8e of Reference 1 0  i n d i c a t e d  
there  should  be  a r e l a t i v e l y  l a r g e  c h a n g e  i n  s t a b i l i t y  w i t h  ad- 
vance   r a t io .   Na tu ra l   f r equenc ie s  and mode s h a p e s  f o r  t h e  f i r s t  
three coupied modes of t h e  b lade  were c a l c u l a t e d  f o r  a va lue  o f  
t h e  r a t i o  w /C2 = 4.37 ,   and   Four ie r   coef f ic ien ts   o f  t h e  c o e f f i -  
c i en t s  o f  t he  equa t ions  o f  mot ion  were c a l c u l a t e d  f o r  v a l u e s  o f  
advance   r a t io  p of 0.0, 0.09,. 0 . 1 7 5 ,  0.24  and 0.30. The Four i e r  
coe f f i c i en t s  fo r  each  va lue  o f  p were supp l i ed  to  the  ma in  com- 
puter  program and the system character is t ic  values  computed.  
$ 1  0 
0 0  
S u b s e q u e n t  t o  t h e s e  c a l c u l a t i o n s ,  it was determined through 
communications with one of the authors of Reference 1 0  t h a t  t h e  
da ta   o f   F igure-8e   o f   tha t   re fe rence  were mis l abe l l ed .  The symbols 
f o r  v a l u e s  of w of  1.31  and 0.63 were reversed .  The exper i -  
men ta l ly  de t e rmined  f lu t t e r  boundary  ac tua l ly  cogrespond ing  to  the  
c a l c u l a t i o n s  p e r f o r m e d ,  c o n s i s t i n g  o f  a p l o t  o f  w / a  versus  p ,  
taken from Figure 8e of Reference 1 0 ,  i s  reproduced  in  F igure  6 .  
The p o i n t s  a t  which c h a r a c t e r i s t i c  v a l u e s  were c a l c u l a t e d  are 
i n d i c a t e d  by a s t e r i s k s  on t h e  l i n e  drawn a t  w /O = 4.37. 
$ P 0 0  
8 0  
8 0  
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As can be seen from Figure  6 ,  t h e  mislabell ing of the data 
has led t o  a rather unsatisfactory comparison of theory w i t h  
experiment. T h e  experimental data  s h o w s  very l i t t l e  change w i t h  p. 
Hence, f o r  a comparison w i t h  t h i s , ca se ,  t h e  characterist ic values 
should have been determined a t  several d i f f e ren t  values of w /Q, 
8 0  
f o r  f i x e d  p, ra ther  t h a n  a t  f ixed  w /Qfor  various values of p. 
Unfortunately,  t i m e  l i m i t a t i o n s  prevented carrying o u t  more ex- 
tens ive  ca lcu la t ions .  However, some information can still be 
derived from the ca l cu la t ions  which were performed. 
8 0  
T h e  characterist ic values o b t a i n e d  f o r  each advance r a t i o  
are as follows: 
p = 0.0 I p = 0 . 0 9  
x R  x R  
- 0.06273 0 . 0 2 8 0 0  - 0 . 0 6 2 7 1   0 . 0 2 0 2 8  
- 0 . 0 6 2 7 3  
- 0 . 4 7 0 1 6  - 0.08874 - 0 . 4 7 0 1 5  
- 0.47016  0 .08874 - 0 . 4 7 0 1 5  
- 0 . 3 3 0 5 5  - 0 . 2 0 1 6 3  - 0 . 3 3 0 5 2  
- 0 . 3 3 0 5 5   0 . 2 0 1 6 3  - 0 . 3 3 0 5 2  
- 0 . 0 6 2 7 1  - 0 . 0 2 0 2 8  - 0 . 0 2 8 0 0  
0 . 2 0 1 8 5  
- 0 . 2 0 1 8 5  
0 . 0 8 9 5 4  
- 0 . 0 8 9 5 4  
p = 0 . 1 7 5  1 
1 x R  - 0 . 0 6 2 6 6  - 0.06266 - 0.33068 - 0 . 3 3 0 6 8  - 0 . 4 7 0 1 2  - 0 . 4 7 0 1 2  
. .. 
~~ A I  _~ .  " 
0 . 0 2 8 7 1  
- 0 . 0 2 8 7 1  
0 . 2 0 2 6 7  
- 0 . 2 0 2 6 7  
0 .09152 
- 0 . 0 9 1 5 2  
. . ". 
x R  
- 0.06268 
- 0 . 0 6 2 6 8  
- 0.33120 
- 0.33120 
- 0.47010 
- 0.47010 
I x R  
0 .02957 
- 0.02957 
0 . 2 0 3 6 6  
- 0.20366 
0 . 0 9 3 4 2  
- 0 . 0 9 3 4 2  
- 0 . 0 6 2 8 3  
- 0 . 0 6 2 8 3  
- 0 . 3 3 2 2 7  
- 0.33227 
- 0 . 4 7 0 1 3  
- 0 . 4 7 0 1 3  
A I  
0.03060 
- 0 . 0 3 0 6 0  
0 . 2 0 4 8 9  
- 0 . 2 0 4 8 9  
0 .09510 
- 0.09510 
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Figure 6 .  Expe r imen ta l   f l u t t e r   boundary   fo r  a model 
r o t o r  blade. Ra t io   o f   nonro ta t ing   p i t ch  
na tu ra l   f r equency  w t o   r o t a t i o n a l   s p e e d  
0 0  
versus   advance   ra t io  u ,  for ;91/we = 1.31  
and x /C = 13 9 (from Reference 1 0 )  . P o i n t s  
a t  w h i c h  c h a r a c t e r i s t i c  v a l u e s  were c a l c u l a t e d  
a r e  i n d i c a t e d  by a s t e r i s k s .  
- 
0 
e 
The r e s u l t s  o f  t h e  c a l c u l a t i o n s  i n d i c a t e ,  f i r s t ,  t h a t  t h e  s t a b i l i t y  
of t h e  r o t o r  f o r  t h e  c o n t r o l  s t i f f n e s s  s e l e c t e d  i s  e s s e n t i a l l y  i n -  
dependent   o f   advance   ra t io   over   the   range   of  LI considered.  The 
re la t ive  i n s e n s i t i v i t y  t o  a d v a n c e  r a t i o  c h a n g e s  i s  c e r t a i n l y  i n  
ag reemen t  wi th  the  p lo t  o f  F igu re  6 .  Secondly,  it should  be  noted 
t h a t  t h e  r o t o r  i s  p r e d i c t e d  t o  b e  v e r y  n e a r l y  u n s t a b l e .  The va lue  
f o r  X R  of - 0 . 0 6 3  i n d i c a t e s  t h a t  a b o u t  t e n  r o t o r  r e v o l u t i o n s  are 
r e q u i r e d  t o  damp the  motion  by a f a c t o r  e-’. The l i m i t e d  c a l c u l a -  
t i o n s  which were per formed,  then ,  a re  a t  l ea s t  i n  q u a l i t a t i v e  
agreement   wi th   the   exper imenta l   resu l t s .  A d e f i n i t i v e  q u a n t i t a t i v e  
comparison must await more e x t e n s i v e  c a l c u l a t i o n s .  
CONCLUDING REMARKS 
A method has  been  developed  for  ana lyz ing  the  aeroe las t ic  
s t a b i l i t y  o f  h e l i c o p t e r  r o t o r s  i n  f o r w a r d  f l i g h t .  The method 
employs  fo rmula t ions  fo r  ca l cu la t ing  the  cha rac t e r i s t i c  va lues  
o f  t he  pe r tu rba t ion  equa t ions  o f  mot ion ,  t he  l a t t e r  being a 
coupled set  o f  s e c o n d - o r d e r ,  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  
p e r i o d i c  c o e f f i c i e n t s .  The c h a r a c t e r i s t i c  v a l u e s ,  which a r e  t h e  
zeros  of  an i n f i n i t e  d e t e r m i n a n t ,  a r e  c a l c u l a t e d  from  an  equiva- 
l e n t  a n a l y t i c  form f o r  t h e  i n f i n i t e  d e t e r m i n a n t  c o n s i s t i n g  of a 
f i n i t e  sum of t r i g o n o m e t r i c  f u n c t i o n s .  
A d i g i t a l  computer program w a s  prepared which implements the 
method f o r   t h r e e   d e g r e e s  of f reedom.  Calculat ions  of   charac-  
t e r i s t i c  v a l u e s  c a r r i e d  o u t  f o r  a t e s t  case  demonst ra ted  the  
p r a c t i c a l i t y  o f  t h e  m e t h o d ,  w i t h  a n t i c i p a t e d  r e s u l t s  g e n e r a l l y  
obta ined  t o  f o u r  s i g n i f i c a n t  f i g u r e s .  
Ca lcu la t ions  were c a r r i e d  o u t  f o r  c o m p a r i s o n  w i t h  r e s u l t s  o f  
a d i r e c t  t i m e  i n t e g r a t i o n  on a d i g i t a l  computer of the  equa t ions  
f o r  a r i g i d  r o t o r  b l a d e  w i t h  f l a p p i n g  and  lead-lag  hinges.  The 
r e s u l t s  were i n  q u a l i t a t i v e   a g r e e m e n t .   Q u a n t i t a t i v e   d i f f e r e n c e s  
were a t t r i b u t a b l e  t o  t h e  n o n l i n e a r  e f f e c t s  which were i n c l u d e d  i n  
t h e  d i r e c t  t i m e  i n t e g r a t i o n .  
L a s t l y ,  l i m i t e d  c a l c u l a t i o n s  were performed for comparison 
wi th  expe r imen ta l ly  de r ived  f lu t t e r  boundar i e s  fo r  a model r o t o r  
b l a d e   w i t h   t h r e e  degrees of  freedom. The c a l c u l a t i o n s  i n d i c a t e  
t h a t  t h e  r o t o r  i s  o n l y  m a r g i n a l l y  s t a b l e  a t  t h e  c o n t r o l  s t i f f n e s s  
s e l e c t e d  and t h a t  t h e  s t a b i l i t y  i s  r e l a t i v e l y  i n s e n s i t i v e  t o  ad- 
vance  ra t io ,  in  agreement  wi th  the  exper imenta l  results. 
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APPENDIX A 
Rela t ionsh ip  Among t h e  S o l u t i o n s  of 
Or ig ina l  and  Di f f e ren t i a t ed  Sys t ems  
L e t  X 0  be a s o l u t i o n  of 
d3xO dX 0 
dz d Z  
+ c -  + DX0 = 0 
a s  w e l l  as of 
d4X0 dX 0 
+ E -  + F X O  = O . 
dz dz 
From Eq. ( A - 2 1 ,  
( A 2 )  - (" + B - A 2 ] g -  dX0 
dz dz dz 
But Eq. ( A - 1 )  , d i f f e r e n t i a t e d  o n c e ,  g i v e s  
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If (A-4) i s  s u b s t i t u t e d  i n  (A-31,  a number o f  terms cancel  and a 
common f a c t o r  c a n  b e  e x t r a c t e d ,  w i t h  t h e  r e s u l t  t h a t  
d2Xo 
dA + B - E - A g  - + A -  dX 0 + = 0 
dz  dz - 
Thus, X0 m u s t  be a s o l u t i o n  o f  t h e  o r i g i n a l  e q u a t i o n ,  Eq. ( 1 0 ) .  
I t  i s  , of c o u r s e ,  a l s o  t r u e  t h a t  e v e r y  s o l u t i o n  of Eq. (10) i s  a 
s o l u t i o n   o f  Eq. (A-1) and of Eq. ( A - 2 ) .  Thus, X0 is  a s o l u t i o n  
o f  Eq. ( 1 0 )  i f  and  only i f  it i s  a s o l u t i o n  o f  b o t h  Eq. (A-1)  and 
Eq. (A-2) . 
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APPENDIX B 
Listing  of  Basic Computer Program - d u d  
The program was coded i n  FORTRAN I V .  A CDC 6400  d i g i t a l  
computer was employed fo r  a l l  ca l cu la t ions .  
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C 
C 
I: 
46 
C 
47 
48 
49 
C 
C c GET THE 6 T H  O R D E R  1 0 3 T S  
50 
C 
C 
c 
c 
C 
c 
51 
I 
52 
I 
DO 50 K 1rNF 
I J K  3 (I*Lf-LJl*J)*LK+K 
A R (  IJK) 0 
AI(1JK) = 0 
RR(IJK) = 0 
R I ( I J K )  = 0 
N I N T  = 20 
ANINT = N I N T  
5 0  C O N T I N U E  
.G = (.97-.2)/ANINT 
H r (l,-rZ)/ANINT 
PI = 3,1415926536 
PI2 = PI/2, 
NF2 = NF*2  
ANF a N F  
R N F  = l./ANF 
P H I  =(PI*ANU)/ANF 
M U I =  1, + MU 
P 1180 = P I / l B U ,  
N I N T = N I N T + l  
ANPHI = NPHI-1 
PHI = ANPHI+PI180*USG 
COSPHI = C O S ( P H 1 )  
SINPHI = SIN(PH1) 
M U S I P H  = MUsSINPHI 
MUCOPH = MU+COSPHI 
N I N T l  = N I N T + l  
N D E G  = 3601/13tG 
DO 1 N P H I  = 1,NDEG 
PHEYE; ANPHI+DEI; 
53 
54 
" 
55 
CALL Q S F ( H ~ Y Y , Y Y I N I Y T )  
CALL Q S F ( H I Y I Y I N I Y T )  
CALL Q S F (   G r W W , H W , N I N T )  
CALL QSF(GIZZIZZINIVT) 
CALL Q S F ( G I W I W ~ N I N T )  
CALL Q S F ( H t Z 1 r Z l r Y I V T )  
A P H I l ( N P H I 1  = Y Y ( N I V T )  
R P H I l ( N P H 1 )  = M u C O P ~ * Y ( Y I Y T )  
A P H I 2 ( N P H I )  = 0 . 4 2 8 6 8 7 4 * ( N W ( V I N T )  4 Z Z ( N I N T ) )  
H P H I 2 ( N P H I )  = 0 . 4 2 8 6 8 7 4 + (  W ( V I N T )  + Z ~ ( N I N T ) )  +MUCOPH 
1 C O N T I N U E  
D O  15 K = l r N F  
K l l  (LI-LJl+l)*LK*K 
K22= ( L I * Z - L J 1 * 2 ) + L < + f i  
A K 1  K - 1  
P I A K I  = PI*AK1 
V A L U E l  = 0 
VALUE2 = 0 
V A L U k 3  = 0 
VALUE3 = 0 
VALUE4 = 0 
V A L U k 5  = 0 
VALUE6 = 0 
VALUE7 = 0 
V A L U k 8  = 0 
A N U  * L - 1  
P I K l N U  = ( P I A K I * A N U ) / A N F  
C O S P I = C O S ( P I K l N U )  
SINPI = SIN(PIK1NUl 
V A L U E l  = V A L U E 1  +AP411(L)+COSPI 
110 1 0  L = l r N F 2  
56 
VALUE3 = VALUE3 +BPdIl(L) COSPI 
VALUE4 = VALUE4 * B P i I l ( L ) * S I V P I  
VALUE5 s VALUE5+APH12(L)*COS31 
VALUE6 = V A L U E 6 + A P H 1 2 ( L ) * S I N ~ I  
VALUE7 = VALUE7 +BP;.112(L) *COSPI 
VALUE8 = VALUE8 + B a H I 2 ( L ) *   S I N P I  
A R ( K 1 1 )  = VALUEl*RN;*GAYMAP 
A R ( K 2 2 )  = VALUE5'RNF * G A M M A P  
A I ( K I 1 )  = -VALUE2*RVF  *GAYM4P 
A I ( K 2 2 )  = -VALUE6*RVF*GAMYAP 
H R ( K 1 I )  = 2 .+VALUE3*RNF *GAYMAP 
H R ( K 2 2 )  = 2 . *VALUE7*HVF *[;AMYAP 
H I ( K 1 1 )  = - 2 * * V A L U E 4 * 4 N F  *GAMMAP 
R I ( K 2 2 )  = - 2 * * V A L U E 9 * d N F  * G A M M A P  
K221 = ( ~ * L I - L J ~ + ~ ) * L K + ~  
1 0  CONTINUE 
15 C O N T I N U E  
R R ( K 2 2 1 )  = H R ( K 2 2 1 ) * 4 ,  
~111 = ( L I - L J ~ + ~ ) * L K * ~  
R R ( K 1 1 1 )  = BR(K I .11 )  + ,3157896 
K 1 3 3  = ( 3 + L I - L J 1 + 3 ) * L < + l  
K 2 3 3  = ( 3 * L I - L J 1 + 3 ) * L < + 2  
A R ( K 1 3 3 ) = % *  
B R ( K 1 3 3 )  = 2 ,  
A R ( K 2 3 3 )  = 1.0 
RETUHN 
END 
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58 
I 
QSF 0 4 7  
QSF 050 
QSF 051 
QSF 0 5 2  
Q S F  0 5 3  
QSF 0 5 4  
QSF 0 5 5  
QSF 056 
(3SF 057 
QSF 059 
QSF 060 
Q S F  0 6 1  
Q S F  0 6 2  
OSF E63 
Q S F  0 6 4  
QSF 0 6 5  
QSF 3 6 6  
Q S F  O h 7  
QSF 0 6 8  
QSF 0 6 9  
QSF 070 
0 5 F  073-  
Q S F  973 
O S F  0 7 4  
O S F  0 7 5  
QSF 076 
Q S F  0 7 7  
QSF 0 7 8  
Q S F  0 7 9  
QSF 0 8 0  
QSF 081 
O S F  0 5 a  
Q S F  072 
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6 
C 
C 
C 
C 
7 
8 
9 
10 
C 
t: 
11 
12 
Z(NDIH)=AUX2 
R E T U R N  
Z(NDIM-l)=SUM2 
Z ( N D I M ) = A U X l  
RETURN 
END OF INIEGRATION LOOP 
N D I M  IS E Q U A L  T O  3 
SUMl'HT+(lt25+Y(l)+Y(2)+Y(2).*25*Y(3)) 
SUY2=Y(2)+Y(2) 
SUM2=SUM2+SUM2 
Z ( 3 ) = H T + ( Y ( l ) + S U M 2 + Y ( 3 ) )  
Z ( l ) = O *  
Z(2)=SUMl 
R E T U R N  
END 
QSF oe. 
QSF 08. 
QSF 08 .  
QSF OS: 
QSP 08 
QSF 0 8  
Q S F  08 
QSF 08 
QSF 0 9  
QSF 09 
Q S F  0 9 .  
Q S P  0 9  
QSF 0 9  
QSF 0 9  
QSF 0 9  
QSF 09 
QSF 09 
QSF 09 
QSF 1 0  
QSF 1 0  
Q S F  10 
Q S F  10 
QSF 1 0  
QSF 10 
OSF io 
Q S F  10 
Q S F  1 0  
QSF 11 
QSF 11 
QSF 11 
QSF 11 
QSF 11 
Q S f  11 
QSF 11 
QSF I O  
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c -  
C 
C 
C 
c: 
C 
C 
r: 
c 
C 
C 
c 
C 
C 
C 
C 
'C 
C 
I: 
C 
e 
e .  
C 
c -  
C 
e 
-"""""""""""""""." 
E Q U A T I O N S  FOR C O M P J T A P J O N S  
L J = L J + l  
L J l  = L J - 1  
LK=NF 
N 2 F 1  = 2 * NF -1 
N F I  0 NF + 1 
KL = 2 * N F - 1  
C 
DO 5 I = l r  LI 
C 
DO 5 J = l r  L J 1  
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c 
C N O T E  ,.* THE L A S T  SUM O N  N IS O M I T T E D  FOR K = NF 
C O N S T 2  = 0 
CONST5 = 0 
1 F t N F - K )  1 7 ,  17, 1 6  
16 NFKaNF-K  
c 
DO 20 N = l r  NFK 
I L N l  = I L  * N + 1 
L J N K ” J L + N + K  
I L N K  = IL + N + K 
L J N l  = JL + N +1 
A R I L N l = A R ( I L N l )  
RRL JNK=BAH t L JNK 1 
A I I L N ~ = A I ( I L N ~ )  
B I L J N K = B A I ( L J N K )  
A R I L N K = A H ( I L N K )  
H R L J N l = B A R ( L J N l )  
AIILNK=AI(ILNK) 
R I L J N l = B A I ( L J N l )  
APPI.E=ARILN~*BRLJYK 
PEAR = A I  I L N l * B I L J N # ,  
P E A C H = A R I L N K * B R L J V l  
PLUM = A I I L N K I B I L J N l  
CONST2 = C O N S T 2 + A P P L E + P E A 2 + P E A C H + P L U M  
e 1 B I L J N l  
C C O N S T 2 = C O N S T 2 + A H I L N l * ~ R ~ ~ N K + A I I L N l * ~ l L J N K + A R ~ L ~ K * B R L J N l + A I l L ~ ~ ~  
c CONST2 = CONST2 + A q ( I L V 1 I )  B A R ( L J N K 1  + A I ( I L N 1 )  * B A I ( L J N t 0  + 
C 1 A R ( I L N l 0  t B A R ( L J V 1 )  + A I ( I L N K 1  B A I ( L J N 1 )  
A P P L E = A R I L N l * E I I L J N K  
PEAR = A I I L N l * B H L J V K  
PEACH = A R I L N K * B I L J V l  
63 
C 
C 
C 
1 7  C O N S T R =  C O N S T H  + C O V S T l  + C O V S T 2  
CONSTI = CONSTI + C 3 N S T 4  + C 3 N S T 5  
CR(1JKL)s C R ( 1 J K L ) -  C O N S T R  
CI(IJKL)=  CI(IJKL)- CONSTI 
7 C O N 1  I N U E  
55 C O N T I N U E  
D O  9 K = NFl ,N2F1 
C O N S T R = O 1 O  
CONSTI = 0.0 
IJKL = IKL + K 
e 
UO 8 L =  l r 3  
I L =  (LI+I -LJ+L)*LK 
JL = ( LI*L  -LJ+J)*LK 
C O N S T 3  = O * O  
CONST6 = U t 0  
K 1 N  = K + 1 - NF 
C 
2 2  D O  30 N = K 1 N  ,NF 
I L N  = I L + N  
L J K l N  :: JL + K + 1 -N 
A R I L N = A R ( I L N )  
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B R L J K l = B A H ( L J K I N )  
A I I L N = A I ( I L N )  
R I L J K l = B A I ( L J K l N )  
C O N S 1 3  = C O N S T ~ + A R I L N * B ~ L J K ~ - A ~ I L N * ~ ~ L J K ~  
CONST6 = C O N S T 6 + A R I L N * B I L J K l * A I I L N * 9 R L J K l  
C C O N S 1 3  = CONS13 + A q ( I L U )  * 3 A R f L J K l N )  - A I t I L N )  B A I ( L J K 1 Y )  
C C O N S T 6  = C O N S T 6  + A q ( 1 I . V )  I J A I ( L J K 1 N )  + A I ( I L N )  B A R t L J K l V )  
C 
30 C O N T I N U E  
21 C O N S T R  = CONSTR + C O N S T 3  
8 C O N S T I = C O N S T I + C O N S T 6  
C T ( I J K L ) = - C O N S T I  
C R ( I J K L ) =  - CONSTR 
9 C O N T  1 NUE 
5 C O N T I N U E  
C 
C 
L J =  LJ- l  
RETURN 
END 
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C 
C 
C 
I: 
C 
C 
c 
C 
c 
c 
C 
C 
c 
e 
c 
c 
e 
c 
C 
C 
C 
c 
C 
SUQRGUTINE P R O O ( X C ~ F I M , ~ O O T ~ ~ R O O T I , C O F ,  N U M I I E R )  
D I M E N S I O N  ~ C O F ~ 1 ~ ~ C 3 F ~ l ~ r ~ ~ 0 T R ~ ~ ~ ~ R O O T I ~ l ~  
DOUBLE PRECISION X O ~ X ~ , Y O , Y O , X I Y , X P R , Y P R I U X I U Y , V I Y T , X T . U  
OOUULE PRECISION x ~ ~ , Y T Z , S U M S Q , D X , D Y , T E M P , A ~ P H A  
COMPUTES  THE  HEAL AND C 0 r l p ~ E X  eOOTS OF A P O L Y N O M I A L  
USING  THE NkWTON R A P H S O V   I T E R A T I O N   T E C H N I Q U E  
XCOF VECTOR OF M+l C 3 E F F I C I E N T S  OF THE  POLYNOMIAL 
PARAMETERS 
O H U E S E D  F R O M  S M A L L E S T  T O  LARGEST POWER 
COF A W O R K I N G  VkCT3H O F  SIZE M + l  
M THE O R D E R  0.’ THE POLYNOMIAL  
ROOT I HESULTANT VECT3R 3F LENGTH M OF I M A G I N A R Y   P A R T S  
R O O T I ( 1 )  1s THE I Y I T I A L  VALUE OF THE Y GUESS I M A G I N A R Y  PART . 
ROOTR RESULTANT J E S T O R  SF LENGTH M OF R k A L  R O O T S  
H O O f R ( 1 )  Is THE I Y I T I A L  VALUE OF THE Y GUESS  REAL  PART 
I E H  E d K O H  C O D E  
IEH = 0 N 3  E R R 3 R  
I E R  = 1 Y IS LESS  THAN 1 
I E R  = 2 Y IS GREATER  THAN 36  
I E R  = 3 J N ~ B L E  T O  DETERMIYE ROOTS I N  5 0  I T E R A T I ~ N S  
IEH = 4 c(I3H O q D E R   C O E F F I C I E N T  IS ZERO 
S U R R O U T I N t  P O L R T ( X C ~ F I C ~ F , M , ? O O T R , R O O T I , I E R )  
PHOGHAMMED 3~ r( G HLEMEL 
S , A * S p A *  I N C .  
ROCdESTER M . Y .  7 1 6  I 
R O C H E S T E 3  \1, Y. 716 271 3450 
S U H R O U T I N t  P O L R T ( X C ~ F , C 3 F , Y , ~ O O T R , R O ~ T I , I E R )  
I F 1 1  0 
V = M  
IER = O  
I F ( X C O F ( N + I ) ) l O v 2 5 , 1 0  
10 IF(N)15,15032 
1 5  I E R = l  
2 0  RETURN 
25 IER=4 
30 I E R = 2  
G O  T O  20 
QO T O  20  
66 
32 IF(N-36) 3 5 8 3 5 r 3 0  
35 N X s N  
NXX N + l  
N 2  z 1 
K J 1  = N + l  
MT = K J l - L + l  
4 0  C O F ( M T )  = X C O F ( L )  
4 5  X0 = ,00500101 
DO 4 0  L = l r K J l  
Y O  s 0 , 0 1 0 0 0 1 0 1  
I N  = 0 
50 x = x 0  
x0 = - l O , * Y O  
Y O  = - l O , + X  
x = x o  
Y = Y O  
I N  = I N  *1 
G O  T O  59 
55 I F I T  =1 
X P R  = X 
Y P R  = Y 
59. I C T  = 0 
60  UX = 0 9 0  
UY = 0 , o  
v 2 0 . 0  
Y T  = 0 . 0  
X f  = 1.0 
U = L ' O F ( N + l )  
I F ( U )  65r130r6fj 
65  DO 70 I = 1 ,N  
L = N - I + l  
TEMP = C O F ( L )  
X T 2  = X + X T - Y + Y T  
Y T 2  = X t Y r   + Y * X T  
V = V + T E M P   * Y T 2  
u = U + T t M P * X T 2  
F I = I  
U X = U X + F I * X T * T E M P  
U Y = U Y - F I * Y T * T E M P  
X T  = X T 2  
67 
7 0  
7 5  
78 
80 
8 5  
90 
9 5  
100 
1 0 5  
116 
115 
120 
1 2 2  
Y T  = Y T 2  
S U M S O  = UX*UX+UY+UY 
IF(SUMSQ1 75,110, 75 
DX=(V*UY=U+UX)/SUHS3 
X o X + D X  
D Y  3 - (U*UY + V * U X ) / S U Y S Q  
Y = Y +  D Y  
I F ( D A B S ( D Y ) ~ D A H S ( D X ) ~ l , ~ - l 2 )  1 0 0 , 8 0 , 8 0  
IC1 3 ICT *1 
IFCICT-500) 60,85,8f 
I F ( 1 F I T )  100,90~100 
lF(IN-5) 50r95~95 
IER = 3 
R E T U R N  
M T  0 KJl  -1*1 
TEMP = XCOF(MT) 
XCOF(MT1 = C O F ( L )  
COF(i.1 = TEMP 
!TEMP = N 
N t  NX 
NX = ITEMP 
D O  105 L = l r N X X  
I F ( I F I 1 )  120 D 55,120 
I F ( I G I T )  115~50,115 
X I X P R  
Y = Y P R  
IFIT = 0 
I F ( X )  122,125,122 
IF(OABS(Y/X)-l,U-lO) 1358125,125 
68 
1 2 5  ALPHA = X + X  
SUMS0 J X + X  + Y + Y  
hl t N - 2  
G O  TO 1 4 0  
NX = NX -1 
N X X  s NXX -1 
SUMSD = 0 . 0  
ALPHA = X 
1 3 n  x t 0.0 
135 Y = 0.0 
N Iri-I. 
341) C O F ( 2 )  = C O F ( 2 )  + A L P H A +  C O F ( 1 )  
K = L  
K = K  
1 4 5  D O  150 L = 2 , N  
150 C O F ( L + l )  = C O F ( L + l ) + A L P ~ A * C O F ( L )  - S U M S Q * C O F ( L - l )  
1 5 5  R O O T I ( N 2 )  = Y 
H O O T H ( N 2 )  = X 
N 2 t N 2 + 1  
I F ( S U M S Q ) 1 6 0 r l 6 5 r 1 6 0  
160 Y = - Y  
S U M S Q = O ,  
G O  T O  155 
END 
265 I F ( N )  2 0 r 2 O r 4 5  
69 
70 
I L N l = I L + N + l  
L J K N = J L + K + N  
CONSTI=CONSTI+CR(ILYl)*AR(LJ<N) * C f ( I L N l ) + A I ( L J K N )  
C O N S T 7 =   C H ( I L N 1 )  4I(LJKN) - C I ( I L N I ) + A R ( L J K N )  * CONST7 
15 CONTINUE 
CONSTBzO 
3 CONST2=OeO 
N F ' l r N F - 1  
DO 20  N= l #  N F 1  
ILKNCIL+K+N 
L J N l = J L + N + l  
C O N S T Z = C R ( I L K N )  * A ? ( L J V l )  + C I ( I L K N ) * '   A I ( L J N 1 )  * CONS12 
C O N S T B  = C O N S T B  - Cq(lLAN)+ A I ( L J N 1 )  + C I ( I L K N ) + A R ( L J N l )  
CONST3 = 0  
CONST9 = O  
I L K l N  = I L + K + l - N  
LJN= JL+N 
CONST3 = CONST3 * C 3 ( I L I ( l N )  * A R ( L J N 1  - C I ( ( L K 1 N )  * A I ( L J N )  
CONST9-  CONSTO + C R ( I L K 1 N )  A I ( L J N )  + C I ( I L K 1 N )  + A R ( L J N )  
CONSTR=CONSTR+ C O Y S r l + C 3 N S T 2 + C O N S T 3  
CONSTI=CONST7 + CONSTB + CONST9 +CONSTI 
2 0  CONTINUE 
D O  2 5  N = l r K  
25 CONTINUE 
55 CONTINUE 
E R ( I J K )  = E R ( I J K ) -  Z O V S T R  
EI(IJK)= l i I ( I J K ) -  C 3 N S T I  
45  C O N T I N U E  
e 
N F l =  N F + l  
NF21 = 2 + N F - l  
DO 6 0  K = N F l r N F 2 1  
I J K z I J + K  
I J K 2  = IJ2+t(  
A K S K + K - 2  
71 
e! 
C 
C 
C 
6 7  
7 0  
6 6  
C 
80 
C 
6 5  
60 
EI(IJK) = AK*  ACR(IJK2)+OI(IJK2) 
ER(IJK) = -AK*ACI(IJK2) + DR(IJK2) 
fI(IJK) = AK*ACR(IJ4)+OIIIJKI 
ER(1JK) = -AK*ACI(IJK)*DR(IJ#) 
C O N S T R = O  
CONSTItO 
DO 65  L = l r 3  
NN:2*NF-l-K 
IL = (LI+I-LJ*L)*LK2NF 
JL D (LI+L-LJ+J)*LKYF 
IL=(LI+I-LJ+L)*LK 
JL 7 (LI+L-LJ+J)+LK 
C O N S T 4  ~ 0 . 0  
CONSTlO=O.O 
! F ( N N ) 6 6 , 6 6 r 6 7  
DO 70 N 5 I r N N  
I L K N = I L + K+N 
L J N l  = J L + N + l  
CONSTlO=-CR(ILKN)*  AI(LJN1) * C I f I L K N )  * AR(LJN1) * C O N S T 1 0  
C O N S T 4  = CR(ILKN) A R ( L J Y 1 )  + CI(1LKFI) AI(LJN1) CONSSO 
C O N T  I NUE 
C O N S T 5 = O e O  
C O N S T l l  = 0 
C O N S T R = C O N S T R + C O N S T ~ + C O V S T ~  
C O N T I N U E  
EI(IJK) = f I ( I J K )  0 C O Y S T 1  
CONT  INUE 
C O N S T I = C O N S T I + C O N S T ~ O +   S O V S T 1 1  
E R ( I J K )  = ER('IJK) - cONSTR 
72 
c 
N F 2  = 2*NF 
NF32= 3 * N F - 2  
DO 1 0 0  K s N F 2 r N F 3 2  
I J K =  I J+K 
I J K 2  = IJ2+K 
CONSTR = 0 
CONSTI=O 
C 
D O  1 0 5  L=1,3 
C l L =  ( I * L I - L J + L ) * L K  
C JL P ( L I * L - L J * J ) * L K  
I L  t ( I * L I - L J + L ) * L K 2 N F  
JL = ( L I * L - L J * J ) * L K V P  
COhlST6z 0 
CONST12 = 0 
NN = K - 2 * N F  2 
I F ( N F -   N N )   1 0 1 ,  102, 1 0 2  
C 
1 0 2  DO 1 1 0  N = NN , NF 
I L K l N :   I L + K + l - N  
L J N = S L + N  
CONST6 = C R ( I L K 1 N )  A R ( L J N )  - c I ( I L K ~ N )  A I ( L J N )  
CONS712 = C R ( I L K l N 1  A I ( L J N )  4 C I ( I L K 1 N )  A R (  L J N )  
1 1 0   C O N T I N U E  
1 0 1  GONSTR=  CONSTR .c C O Y S T 6  . 
CONSTI  = CONSTI  + C 3 N S T l 2  
1 0 5  CONTINUE 
E R ( I J K ) =  - CONSTR 
EItIJK) - CONSTI  
c 
1 0 0   C O N T I N U E  
5 CONTINUE 
LJ=LJ-1  
RETURN 
END 
C 
C 
*END 
73 
I 
74 
I 
R N N = H ( N N ) + X X I  
X I R = B ( N N ) - X X I  
A A = A ( N N )  
XAA=XXR+AA 
E X A A = E X P ( X A A )  
E M X A A = E X P ( - X A A )  
C O S H Y = ( E X A A + E M X A A ) * . 5  I 
DO20 N = L n N K s 2  
A A = A ( N )  
XXAA=XXH+AA 
RN=B ( I\ 1 
X I B N = X X I * H N  
B N X I = t l N - X x I  
E M X X A A = f X P ( - X X A A )  
S I N W Y = ( E X X A A - t M X X A A ) * . 5  
C O S H Y = ( E X X A A + E M X X A A ) + . 5  
F X X A A = E X P ( X X A A )  
7 0 2 2  F O R M A I ( +  ivOP = 1 5 )  
D O  2 1  N = N l P N O  
X X C N = X X R + C ( N )  
E X C N = E X P ( X X C N )  
E M X C N = E X P ( - X X C N )  
S I N H Y = ( E X ~ M - E I ~ X C N ) * . ~  
C O S H Y = ( E X ~ N + E M X C N ) + , S  
U ( N )  = s I N H Y / ( C O S H Y - C O S ( X X I ) )  
2 1  C O N T I N U E  
DO 39 N = I r N O  
M N = I M M - l ) * N O * N  
30 CC(MN) = U ( N )  
25 C O N T I N U E  
DO 125 M M = 2 s N K , 2  
X X R r - P I * Y H ( M M )  
X X I = * P I * Y I ( M H )  
DO 13U N = l r N K 1 , 2  
X X H A = X X H + A ( N + l )  
E X X R A = E X P ( X X R A )  
E M X X R A = f X P ( - X X R A )  
S I N H Y = ( f X ~ R A l t M X X R A ) 4 . 5  
C O S H Y = ( E X X R A * t M X X R A ) * . 5  
B N X I = E I (   N + l ) - X X I  
76 
160 
165  
150 
4 9  
7 0  
50  
60 
COSHY=(EXRAN+EMXRAN)+.5  
C C ( M N ) ~ S I N H Y / ( C O S H Y - C O S ( B ( N ) ) )  
DO 165 N'NlrNO 
MNsM+N 
E X R N e f X P ( X R C N )  
E M X R N = E X P ( - X R C N )  
S INHY=EXRN-EMXRN 
COSHY=EXRN+EMXRN 
CC(MN)= COSHY/SINHY 
CONTINUE 
C O N T  I N U f  
M N = N O + ( N O - I ) + N  
MN1 = M N * I  
X R C N s ( X X R + C ( N ) ) * @ S  
DO 40 N l , N K 1 , 2  
C C ( M N 1 )  = 1. 
CC(MN) = (J.0 
C O N T  1 NUE 
M N t N O * N O l + N  
C O N T  1 NUE 
DO 7 0  N=NK sND 
C C ( M N ) = . l e U  
DO 50 M = l s N Y l , 2  
B I Q A ( M ) = U Y R ( M ) - I ,  
R I G A ( M * l ) = - U Y l ( M * l )  
D O  60 M = N l , N O l  
H I G A ( M ) = D Y R ( M ) - l *  
R J G A ( N O ) = U  
RETURN 
END 
*END 
77 
78 
79 
DO 5 MR 3 MS,ND 
R = M R  
NDMk = ND-MR 
NDYR3 = NDMR*NDHR+NDMS 
MRND+  MR*ND 
MRND3 = MRND+HRND+H?ND 
M R M S l  = M R - M S + l  
DO 5 M E l r L M  
I = MRND3+M 
C I = 3*(MR+ND)+M 
c THE I INDEX REQUIRES ONLY MI? AND M 
c r luDIcEs A R E  I N  THREE DIMEYSIONS 
C N I R M F  3 * ( - M R + N D ) + M  
N I R M  = NUMH3+M 
BAzBET(NIHM1 
F R N E G I J = G A M M ( N I R M )  
F I N E G I J = D E L T ( N I R M )  
N I R M l = ( N I H M - l ) + L J l  
C I R M r  3 * ( M R + N D ) + M  
F F R I = F F R ( I )  
F F I I  = FFI(1) 
A B t A L P H ( 1 )  
I R M  = I 
I R M l  = (IRM-l)*LJl 
D O  5 N = l r L N  
M N = ( L I * M * L J * N ) * L K  
C 
c M N R S l = M N + M R - M S * i  
MNRSlz MN+MRMSl  
NJSN t MSND3+N 
I: N J S N =   3 * ( - M S + N D ) + N  
c N E G I J = ( N I H M - l ) + L J l   + N J S \ I  
N E G I J  = N I H M l + N J S ; J  
JSN G NDMS3+N 
C JSN= 3 * ( M S + N D ) + N  
80 
c 
6117 
6177 
611 
2112 
2111 
3111 
5 
8887 
9999 
C 
C 
81 

KKo(K-I)*M+K 
GRKK = G R ( K K )  
G I K K =   G I ( K K )  
P I 1  = P I I N C G R K K  + G I K K + ? I S N  
P I R N s P I R  
103 PIIN=PII 
P I R  t G R K K * P I R N - G I K Y * P I I A '  
C 
L J = L J - 1  
RETURN 
C U N L I K E L Y   E V E N T  A ( Y M ) * * 2  
c 
7 1  NA=M-KM 
D O  7 3  LL=l ,NA 
L U V M = ( L l . - l ) * M + J  
I F ( G H ( L U V M )   - D E L T A X )  9 1 r 9 1 , 9 2  
91 I F ( G I ( L U V M ) - D E L T A X )  7 3 3 , 7 3 3 , 9 2  
7 3  CONTINUE 
C 
733  W R I T E ( N P , 1 0 0 2 ) D E L T A X , D I Y 2 J  
1 0 0 2   F O R M A T ( 5 4 H   * * * * U N A B L E   T 3  F I N O  AN ALPHA O R  BETA  LARGER  THAN  DELTA / 
1 2 1 H   I N   S U 8 H O U T I N E  DELY / 
2 /OH  DELTAX=  EZOe8,17H  OLD  VALUE  USED= E20t8nlOH COLLlYbl 
1 1 5 )  
IF(D) 7 2 r 9 9 9 r 7 2  
9 2  D O  7 7  J = l r N A  
N A J = ( N A - l ) * M + J  
# J = ( L L - l ) * M + J  
G R ( N A J )  = G R ( N A J )  + G R ( t ( J )  
G I ( N A J )  = G I t N A J )  + GI(I<J) 
NANA = ( N A - l ) * M  + N 4  
D = G R ( N B N A ) c G H ( N A N 4 ) + G I ( ~ A N A ) ~ ~ I ~ ~ A N A )  
7 7   C O N T I N U E  
e 
4 0 0 7  FORMAT(21H  ADJUSTHEYT O N  COLLJMN 1 5 )  
W R I T E ( N P n 4 O O 7 )  M 
G O  T O  7 2  
999 W R I T E ( N P I ~ O O ~ )  
1 0 0 9  FORMAT( lH05GHNECESS4RY T O  A B 3 R l  DUE TO S I N G U L A R I T Y  
S T O P  
I IELTAX = 0,O 
L J Z L J - 1  
RETURN 
END 
4 W R I T E ( N P , 1 0 0 5 )  
83 
SUBROUTINE U P ( P C n N D r N S T A R T 0 N P )  
DIMENSION P C ( l 8 )  
c SUBROUTINE T O  E S T A e L I S H  CSITEqION FOR CONVERGENCE 
C THE L A S T  THREE D E T E R H I N A N T S   M U S T  BE MONOTONIC,  CONVERGINGc 
EPSIL = , 0 7 5  
E P 2  G 2 . + E P S I L  
5 1  N D I  t N D - 1  
ND2 o N D - 2  
PA a P C ( N D l I - P C ( N D 2 )  
PD = P C ( N D ) - P C ( N D l )  
P A 6 5 z P A  
P A 7 6 z P D  
P A 1  = A B S ( P A )  
P D l = A B S ( P D )  
IF(PD1- P A i l B r 5 5 0 5 5  
8 K = K  
I F ( P A )  1,202 
1 PA; - I .  
G O  T O  3 
2 P A = 1 e  
3 I f ( P D )  40505 
4 P D = * l ,  
G O  T O  6 
5 P D = l ,  
6 I F ( P A + P D ) 7 , 5 5 # 7  
7 P D = P D l / P C ( N U l )  
P A = P A l / P C ( N D 2 )  
P A = A B S ( P A )  
P D = A B S ( P D )  
I F ( P A - E P S I L )   1 7 r 1 7 r 5 5  
1 7   I F ( P D - E P S I L )  18,19,55 
1 8  K t K  
R A T I O = P A 7 6 / P A 6 5  
IF(RATI0)55,55,19 
1 9  I F ( R A T I O - . 8 ) 5 4 , 5 5 , 5 3  
5 4  C A L L   P R E ( N D , P C , N P )  
NSTAHT = 0 
RETURN 
55  C O N T I N U E  
NSTART = 1 
RETURN 
END 
84 
S U B R O U T I N E   P R E ( N D , P C . , q P )  
D I H E N S I O N   P C ( 1 8 )  
C P R E D I C T  THE CONVEHGEED VALUES  BASED ON THE L A S T  THREE 
C l3ETEHMINANTS 
D E L T A = . 0 0 0 0 1  
C 1  = P C ( N D - 2 )  
C2 = P C ( N D - 1 )  
C3 F P C ( N D )  
REAL K 2 K l r K Z K 3 r M U 1 K l r ~ 2 r K 3  
K l m N l I - 2  
K2 5 ND-1 
K 3  G ND 
K2K3=  K2/K3 
K 2 K l = K 2 / K l  
C WRITTEN FOR THE I N F I N I T E   D E T E R Y I N A N T   S U B R O U T I N E   W I T H   A S Y M P T O T I C  
c L I M I T S ,  
P C ( 2 )  = 0 
MU = ( C l - C 2 ) / ( C 2 - C 3 )  
P = , O O O O 1  
F P  = M U * ( l , ~ K 2 K 3 * * P ) ~ Y Z ~ l * * P ~ l  
A A B S ( F P ) / F P  
A M  = 1 
AP = 1 
M2001 
M 1 0 0 = 1 0 0  
M1 = 1 
C T H I S  G E T S  N E G A T I V E  O R  P O S I T I V E  ONE 
13  K = K  
DO 1 M M 2 0 , M 1 0 0 , M l  
AP = K 2 K l * A P  
A M  t K 2 K J * A M  
FP = MU-MU*AM - A P + I  
85 
El = A B S ( F P ) / F P  
C Z E R O  IS C H A N G  f OF S13N 
1 F ( A + B )  1 , 1 0 1 1  
1 C O N T I N U E  
P C ( 2 )  = 3 
F?ETUWN 
11 K = K  
10 M 5 a  = M+50  
1 R  PN=M 
19 FA = M U * ( ~ ~ - K ~ K ~ * * P V ) - K ~ K ~ * * ’ I ~ ~ ~  
DO 15 L = l r 5 0  
PNK2K3 = K 2 K 3 * * P N  
P N K Z K l =   K 2 K l * * P M  
86 
SUBRQUTINE S S A ( O U T , 4 K r I ~ r K , M d R D E R , F ~ , P A , P C I I E R R )  
INTEGER H21 
INTEGER R 1  
I N T E G E R   R r R 2 r R 2 2  
D I M E N S I O N  ~ I G A ~ 1 3 ~ 1 3 ~ ~ A ~ l 3 ~ 1 3 ~ ~ B ~ l 3 r 1 3 ~ ~ C ~ l 3 ~ 1 3 ~  
D I M E N S I O N  BIGAP(13r13r6)rBP(l3,~3,6)rCP(l3rl~r6)rAP(l3,1~,6) 
D I M E N S I O N   F ( l J ) , A C ( 1 3 ) , A K ( 1 3 )  
I I I M E N S I O N  A R ( l J ) , A S ( l 3 ~ ~ P ( 1 3 ) ~ Q ( ¶ 3 ~ , P C ( ~ 3 ) , P A ( l 3 ~ , ~ ~ ~ 1 3 ~  
C 
C 
C THE  POLYNOMIAL   COEFFIZ I 'ENTS OF THE HIGHER ORDER SYSTEMS. 
C THE 9 THE AND 1 2 T H  O S D E R  SYSTEMS  HAVE  ASSOCIATED 
c W I T H  THEM C H A R A C T E R I S T I C   ? O L Y N O M I A L S  OF DEGREE 9 AND 1 2  
C R E S P E C T I V E L Y ,   T H E   C ~ E F F I C I E N T S  OF THESE  POLYNOMIALS  ARE NEEOEQ T O  
c D E F I N E  THE S H A R A C T E ~ I S T I C   E Q J A T I O N S  OF THE  SYSTEHS8 AND 
C ARE  COMPUIEU  AS FOLLOIJS,,. 
C T H E   C O E F F I C I E N T S  D E S I 3 E D  4 R E  Kl,,,,K9 
C 
N P = 6  
D O  45  M = l , K  
M 2 =  2*M 
M 2 1 z M 2 - 1  
PBM2 = P B ( M 2 )  
C O S B 2 M  = COS(PBM2)  
PAM2 = P A ( M 2 )  
EA2M = E X P ( - P A M 2 )  
F2M = F ( M 2 )  
F 2 A 2 M  = E X P ( - 2 , * P A M 2 )  
F 2 M l = F ( M 2 1 )  
A R ( M )  z 2.*EA2M+(F2ql*SIN(PBq2)+F2M*COSB2M) 
A S ( M )  = - 2 v * F 2 M * E 2 A 2 M  
P ( M )  = -2 , *EA2M*COS329  
Q ( M )  = E 2 A 2 M  
WRITE(NP,2000)P(M)r3(~),A~(M)rAS(M) 
4 5  C O N T I N U E  
K l = K * 1  
D O  1 0  M=Kl,MORDER 
M2 = 2+M 
M21 = M2-1 
PCM2 = - P C ( M 2 )  
EC2M = E X P ( P C M 2 )  
P C M 2 1   = - P C ( H 2 1 )  
E C 2 M 1  = E X P ( P C M 2 1 )  
F2M = F ( M 2 )  
87 
88 
89 
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90 
91 
92 
C 
C 
5 
1000 
ClOOO 
C 
c 
C 1 4  
14 
15 
4 6  
2 7  
8 
C 
C 
93 
94 
C 26 
99 
1 0 1  
68 
c 
6 9  
7 0  
Clr301, 
1001 
95 
96 
A12 = K 7 * H l l  + K8 + K5/MU1 - K6*MUHU - KHAT8 
L 5  = Hi1 
L 3  = KHAT3 - K3 - l ( l * H 1 0  + Hll*(Kl*KI - K 2 )  
A13 = K 7 * ( H I O - K l * Y 1 1 )  + K B * H l l  + K 9  -+ K6 /MU1 - KHAT9 
A 2 1  = K5 + K 2 / M J 1  - l(3*MUMU  +K4*MUUU/MU1  -KHAT5 
A22 = K 5 * H l l  + K6 + K 3 / M U 1  - K4*MUMU - KHAT6 
A23 = K 5 * ( H 1 0 - K 1 * H l 1 ) + K S * H l l + ~ ~ ~ K 4 / M U l - K ~ A ~ 7  
A31 = K3 + 1/M31 - Y l *MUMU+(K2*MUUU)/MUl  - KHAT3 
A32 = K3*H11 + K 4  t K I / M U P  - K2eMUMU- KHAT4 
A33 = K 3 * ( H l O - K 1 * 4 1 1 )  + K 4 * H l l  + K5 + K2/MU1 - KHAT5 
H1 = K H A T 1 0  - Y 7 * L J  K8 L 4  - K 9 * L 5  
02 = K ~ A T ~ - K B - K ~ * L ~ - K ~ * ~ ~ - < Y * L ~  
H3 = KHAT6 - K6 K 3 * L 3  - <4*L4 - K 5 * L 5  
c FROM CHAMkRS R U L t . , ,  
C D l  = D E L T A l / D ,  D2 = DELTA2/D, 03  = DELTAJ/D 
A2253  = A 2 2 * A 3 3  - A32 * A23 
A1233  = A 1 2 * A 3 J  - A32*A13  
A1223  = A 1 2 * A 2 3  - A22 *A13 
n 5 A I I ~ A Z ~ ~ ~  - ~ 2 1 + ~ 1 2 3 3  + ~ 3 1 + ~ 1 2 2 3  
IF(D1 1 5 r b r 1 5  
1002 F O R M A T ( 1 H l r 4 6 H * * * D E V O ' 4 I ~ A T O R  U FOR C R A Y E R S  RULE IS Z E R O  E O J  
5 WRITE(NP,10021  
S T O P  
15 C O N T I N U E  
DELTA1 = B I * A 2 2 3 3  - 82+41233 + 8 3   * A 1 2 2 3  
A2135  = A 2 1 * A 3 3  - A31+A23  
A1133  = A l l * A 3 3  - A 3 1 + A 1 3  
A1123  = A l l * A 2 3  - A 2 1 * A 1 3  
DELTA2 = - 8 1 * A 2 1 3 3  + 82 A1133  - 83 * A 1 1 2 3  
A2132  = A 2 1 * A 3 2  - A31eA22  
A1132  = All * A32 - A31*A12  
4 1 1 2 2  = A l l * A 2 2  - A 2 1 * A 1 2  
DELTA3 = I31 * A 2 1 3 2  - 8 2 Q A 1 1 3 2  + 83 * A 1 1 2 2  
D l  = D E L T A l / D  
D2 = DELTA2/D 
03 = DELTA3/D 
SS(l)=Kl-D3 
SS(2) = K Z 1 D 2 - D 3 * S S ( l )  
SS(3) r: K J o D 1 - D 2 * S S ( 1 ) - 0 3 * S S ( 2 )  
S S ( 4 ) = K 4  - U l * S S ( 1 )  - D2 * S S ( 2 ) - 0 3 * S S ( 3 )  
SS(5) = K5 - 01*SS(2) - 02*SS(3)-03 * S S ( 4 )  
S S ( 6 )  = K6 -Dl*SS(3)=02*SS(4)-D3*SS(~) 
RETURN 
E N D  
C THE COEFFICIENTS THEN A2E G I V E N  B Y  . e .  
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98 
99 
100 
A P P E N D I X  C 
Method f o r  E x t r a c t i o n  o f  t h e  Common 
Polynomial Factor From t h e  Two 
Higher-Degree-  Polynomials 
Given t h e  t w o  polynomials 
where it i s  known a p r i o r i  t h a t  N and T bo th  con ta in  a s ix th-degree  
f a c t o r  S ,  
it i s  r e q u i r e d  t o  d e t e r m i n e  0 1 ,  0 2 ,  .., 0 6  i n  terms o f  t h e  c o e f f i -  
c i e n t s  kn and kn. 
N o t e ,  f i r s t ,  t h a t  the  r a t i o  o f  T t o  N must reduce t o  t h e  r a t i o  
of a s ix th -degree  po lynomia l  t o  a cub ic ,  t h e  common s e x t i c  f a c t o r  
c a n c e l l i n g  o f f :  
T ( z )  Z6 + X1z5 + X2z4 + ... + X 5 Z  + X L  
.z)- = ( C - 1 )  
2 3  + u 1 ~ 2  + v 2 ~  + u 3  
Now, a set o f  n i n e  l i n e a r  a l g e b r a i c  e q u a t i o n s  can be formed,  the 
so lu t ion  o f  wh ich  g ives  the  va lues  o f  t he  X's and P I S .  T h i s  set 
i s  obta ined  by  mul t ip ly ing  Eq. (C-1) through by N(z) [ z 3  + p y z 2  
+ u2z  + p 3 1  and  g roup ing  the  coe f f i c i en t s  of l i k e  powers  of z.  
There is considerable  redundancy,  with a t o t a l  o f  f o u r t e e n  e q u a -  
t i o n s  i n  t h e  n i n e  unknowns. A convenient  set of   n ine  are (wi th  
t h e  a s s o c i a t e d  power o f  z f r o m  which each w a s  o b t a i n e d  i n d i c a t e d  
on t h e  l e f t )  
101 
2 0  : 
A 
k 1 2 p 3  = k9X6 
I f  t h e  f i r s t ,  t h r e e  and l a s t  t h r e e  of t h e s e  e q u a t i o n s  a r e  p r o p e r l y  
combined and s u . b s t i t u t e d  i n  t h e  fou r th ,  f i f t h  and s i x t h  e q u a t i o n s ,  
t hen  a set  of t h r e e  e q u a t i o n s  for t h e  c o e f f i c i e n t s  u 1 ,  1.12 and u g  
i s  obta ined:  
3 
i = 1 , 2 , 3  : ( C - 2 )  
102 
where 
103 
while 
and 
E q s .  (c-2) are  readily scllved f o r  P I ,  ~2 and ~ 3 ,  using C r a r n e r ' s  
ru ie .  The coefficients of the  sextic now fol low immediately,  since 
104 
from which 
105 
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